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Abstract 
This master thesis describes the results of the work developed as part of the high frequency 
combustion instability research program at the Institute for Space Propulsion of the German 
Aerospace Center located in Lampoldshausen (Deutsches Zentrum für Luft und Raumfahrt, 
DLR). 
The intention of this work is to conduct an analytical investigation to get detailed insight of 
the dynamics of the first tangential eigenmode in a cylindrical combustion chamber with a 
cavity tuned to a quarter wave absorber. 
After a brief introduction and an explanation of general outlines about the investigation 
methods, an overview of literature is given paying attention to the solution of the three 
dimensional wave equation. 
In the following section the results of a specific test campaign, named DLR-BKD-LL-11, 
previously conducted at the P8 test facility are presented. 
Afterwards, a systematic analysis of the mathematical problem representative of the 
behaviour of the first tangential (1T) mode in an ideal cylindrical combustor without any 
absorber is performed. 
Thereafter the influence of an acoustic cavity coupled with the combustion chamber is 
evaluated. Additional hypothesis are made and a new model is developed and implemented in 
MATLAB in order to obtain an agreement between the experimental and the theoretical data. 
In order to further validate the mathematical model, a numerical reconstruction procedure of 
the acoustical 1T mode is realized. The final goal is to confirm that the developed model 
effectively describes some important aspects of the real acoustic pressure field. 
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Introduction 
Combustion instabilities in liquid propellant rocket engines can be considered as one of the 
most interesting technical challenges since the beginning of space transportation in the late 
30´s.  
The experience gathered since the present day has led to very sophisticated solutions, but the 
nature of these conclusions is empirical and usually very specific for each engine. These 
phenomena cannot be avoided, but they are just monitored and controlled; for these reasons 
they are still a key issue in the development of rocket combustors after decades of extensive 
experimental and theoretical investigations. 
The high frequency combustion instabilities group at DLR Lampoldshausen is actively 
engaged in the investigation of combustion instability related problems. In recent years 
different test campaigns dedicated to the simulation and prediction of stability margins have 
been performed and relevant results have been achieved. In this context, a study to describe 
the pressure field of first tangential mode (1T) in a cylindrical combustion chamber has been 
conducted. In particular, some specific test runs of the test campaign DLR-BKD-LL-11 have 
been performed to analyze the oscillations in a combustion chamber coupled with an acoustic 
cavity as absorber. 
From the previous experience with a pure cylindrical resonator it was assumed that the 
introduction of the cavity would have fixed the orientation of 1T mode of the acoustic 
pressure field and would have split it into a symmetric and anti-symmetric standing mode, 
respectively named as 1Tσ and a 1Tπ. 
A preliminary analysis of the data of the BKD test-run with cavity exhibits results different 
from the ones expected; in particular a pressure field reconstruction algorithm has shown a 
rotating 1T mode also in this case. 
The present work can be seen as part of the mathematical studies carried out in parallel with 
experimental results to get detailed insight of the dynamics of the pressure field.  
xix 
The main goal is to analyse the overlay of the 1Tσ and the 1Tπ modes which would result in a 
rotating 1T mode, understanding how the different parameters influence the rotation 
character. 
This study is conducted under the supervision of Prof. Michael Oschwald, head of the rocket 
engines department of the Institute of Space Propulsion (DLR, RWTH Aachen University), 
Stefan Gröning (DLR), and with the continuous support of Prof. Luca d'Agostino (UNIPI) 
and Prof. Fabrizio Paganucci (UNIPI). 
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1 DLR Lampoldshausen 
At the beginning of this chapter the purpose of the present report is discussed. 
The entire work has been performed at the Rocket Propulsion department at the German 
Aerospace Cenetr (Deutsches Zentrum für Luft- und Raumfahrt, DLR) located in 
Lampoldshausen, Germany.The DLR site at Lampoldshausen is quickly described giving 
attention to the details useful for the present exposition.  
At the end of the chapter a description of the general outline and of both the logical and the 
didactic methodology used to achieve the present result is given. 
1.1 Purpose of the work 
Combustion instabilities in liquid propellant rocket can be considered as one of the most 
interesting technical challenges. 
The problem is very well known from the beginning of space transportation era, and a lot of 
effort has been expended in the past to try to understand and control the combustion process 
[1],[2]. However, the fundamental mechanisms which cause this phenomenon are not fully 
understood. 
The research group at DLR is effectively working for years obtaining relevant results in 
identifying the driving mechanisms of high frequency combustion instabilities. 
During an experimental campaign performed in order to monitor the dynamic of the 
acoustical first tangential (1T) eigenmode a specific test run (BKD-LL-11) has shown results 
different than expected. In particular, according to the previous studies conducted for a 
combustor chamber without any absorber, it was assumed that the introduction of a cavity 
would have fixed the orientation of 1T mode. However, the analysis of experimental data 
shows that the resulting 1T mode in presence of the absorber clearly exhibits still a rotational 
behaviour. 
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A preliminary study would suggest that the cavity splits the 1T mode in a symmetric 
component 1Tσ and in an ant symmetric component 1Tπ.  
The main objective of this work is to support the experimental activities, especially 
investigating the peculiarities of the two hypothesized symmetric and antisymmetric 
components. The resulting 1T mode has to be characterized and interpreted starting from the 
overlay of  the 1Tσ and 1Tπ mode. 
1.2 DLR´s Lampoldshausen site. 
The DLR site at Lampoldshausen was founded in 1959 by Professor Eugen Sänger. Starting 
from 1962 it went into operation acting as test site for liquid propellant rocket engines. It has 
been officially named Institute of Space Propulsion in January 2002. 
 
 
Figure 1-1Panoramic view of DLR facility at Lampoldshausen 
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The ongoing research work is mainly focused on the combustion processes in liquid 
propellant rocket engines; but the institute is also concerned with the study and the 
development of future space transport systems. 
One of DLR's key roles in Lampoldshausen is to plan, build and operate test facilities for 
space propulsion systems on behalf of the European Space Agency (ESA) and in 
collaboration with the European space industry. DLR has built up a level of expertise in the 
development and operation of altitude simulation systems for upper-stage propulsion systems 
that is unique in Europe. 
1.3 General outlines 
At the beginning of the work a detailed project plan has been proposed and discussed in order 
to both fix objectives and monitor progresses step by step. The project plan is summarized in 
table1.1 and it can be presented as follows: 
1. Introduction, familiarize with MATLAB programming. 
The student has to read and has to analyse the proposed literature, in order to get used 
to the topic and to the current status of the work at DLR. Particular attention will be 
given to the analytical solution of the 3D wave equation and the respective results.  
The student has to familiarize with the programs used in the high frequency 
combustion instability group written in the MATLAB programming environment. 
This part terminates with the creation of a MATLAB simulation model in order to 
reconstruct the acoustic pressure field. 
2. Analytical development of the model. 
The student has to critically read and understand the preliminary analytical studies 
conducted at DLR to support the experimental data. The mathematical investigation 
has to be carried on and the mathematical model has to be extended to the new 
physical situation. Eventually further hypothesis can be used and discussed. 
Analytical results will be organized to obtain a simulation model which will be 
developed in the MATLAB environment. This model will be used to verify the 
accuracy of the mathematical results. 
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Table 1-1 Logical flux of the project plan 
Approach to the 
problem: Familiarize 
the topic and the 
MATLAB 
programming. 
 
Analytical 
development of the 
model. 
Comparison with 
experimental data. 
 Literature review 
 Familiarize with MATLAB programming at DLR 
 Analysis of hyperbolic partial differential equation 
(chapt. 2) 
 Analysis of the experimental data (chapt. 3&7) 
 Analysis of previous analytical works (chapt. 4&5) 
 Formulation of new hypothesis (chapt. 5) 
 Development of the model (chapt. 6) 
 Programming a simulation in MATLAB  
 Parametric study (chapt.7) 
 Camparing theoretical and experimental data by 
using MATLAB simulation (chapter 7) 
Validation of the 
model 
 Programming in MATLAB a numerical procedure 
to validate the theoretical model (chapt. 8) 
Is there a good match between experimental and theoretical data? 
Documentation NO YES 
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3. Comparison with experimental data. 
The results previously obtained will be compared with experimental data. A parameter 
study of the analytical equation is assumed to be useful in this context. The 
agreements between analytical and experimental data have to be discussed carefully. 
This part ends with the reconstruction of experimental data by using the analytical 
model. 
4. Documentation 
The results of the work will be described in a master thesis. The detailed mathematical 
developments and discussions related to MATLAB scripts are listed in the appendixes. 
In addition to the original project plan, a numerical procedure to further validate the 
mathematical model has been realized. More details can be found in chapter 8 and in the 
Appendix E 
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2 Theoretical background 
This section provides the theoretical background of combustion instabilities in cylindrical 
rocket engine combustion chamber, paying particular attention to the analytical solution of the 
physical problem. 
An introduction of the general technical problem is presented at the beginning of the chapter. 
Many results here presented are part of the work done by the high frequency combustion 
instability research group at the German Aerospace Center in the recent years. 
2.1 High Frequency combustion instability 
High frequency combustion instabilities, or thermo acoustic instabilities, are “..periodic 
oscillations of the combustion process in a liquid rocket thrust chamber, manifest as a 
periodic oscillations in the chamber pressure.” [3]. This set of phenomena can negatively 
influence the behaviour of a rocket engine. 
The combustion itself is a non-stationary process. Instability takes place when the fluctuations 
amplify themselves, rising up both mechanical and thermal loads [1],[2]. 
2.1.1 Driving mechanisms (Rayleigh Criterion) 
High frequency combustion instabilities are the result of the coupling of the heat released 
from the combustion process, with the acoustic system, represented by the combustion 
chamber (acoustic resonator).  
In 1878 Lord Rayleigh was the first who captured the effect of an acoustic wave driven by 
heat addition [4]. 
He postulated that, in case some specific conditions are satisfied, the energy can be 
transferred from the combustion process into the acoustic wave. 
 "If heat be periodically communicated to, and abstracted from, a mass of air vibrating 
(for example) in a cylinder bounded by a piston, the effect produced will depend upon 
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the phase of the vibration at which the transfer of heat takes place. If heat be given to 
the air at the moment of greatest condensation, or be taken from it at the moment of 
greatest rarefaction, the vibration is encouraged. On the other hand, if heat be given at 
the moment of greatest rarefaction, or abstracted at the moment of greatest 
condensation, the vibration is discouraged.“ [4] 
The mathematical formulation of this observation can be expressed, as suggested in [3] for 
example, considering that     and    are the oscillation respectively of pressure amplitude and 
heat release, by the general formula: 
 
                 
   
 
 
 
 (2.1) 
 
Equation 2.1 gives a necessary condition for a positive feedback of acoustic and combustion. 
 
 
Figure 2-1 Typical pressure and heat release fluctuations 
It can be easily seen that the integral, computed in the volume V in which the gas is contained 
and over a period       of acoustic oscillation, is only positive just if the phase shift between 
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the heat release rate and the pressure fluctuation is less than      deg. In that case the 
acoustic pressure oscillation is amplified and an instability is excited. 
It has to be kept in mind that the criterion expressed in equation 2.1 does not take into account 
the effect of damping process. Actually, in order to have a self-sustained instability, the 
energy transferred by the combustion process must be higher than the energy dissipated by 
dumping. 
Combustion chambers are designed to maximize the combustion efficiency, and usually the 
natural damping mechanisms (turbulence, viscosity, friction, sound damping etc.) are not 
sufficient to prevent the growth of the oscillations if initiated. 
Resonance effects are deleterious in case heat is subtracted at the moment of the deepest 
depression, and added at the moment of greatest compression of the gas. In this case the 
combustion starts to oscillate with frequencies typical of the resonator (combustion chamber), 
quickly leading to catastrophic failure [2]. 
2.2 Three-dimensional acoustic waves 
The propagation of small pressure disturbances in a stationary gas contained in a three-
dimensional region has been investigated by many authors (i.e. [5]). The governing 
differential equations are non-linear, but the mathematical problem can be linearized by the 
assumption of small disturbances as shown in this section. 
2.2.1 Derivation of three-dimensional wave equation 
In order to describe the 3D wave equation the following assumptions are made: 
 The pressure disturbance is very small 
 The process is isentropic 
 The velocity and its derivatives are small compared to the speed of sound 
 Only one phase (gaseous) is taken into account  
The field equations of the problem are the following ones: 
 Continuity equation (mass conservation) 
  
  
           (2.2) 
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 Momentum equation 
 
  
  
  
       (2.3) 
 
 Being the process isentropic, the speed of sound equation is: 
 
  
  
    
  
  
   
(2.4) 
 
Combining equation 2.2 and equation 2.4  we obtain 
 
        
  
  
   
(2.5) 
 
It is possible to linearize the problem using the assumption of small perturbation, which 
allows to express each physical quantity as the sum of a unperturbed value, marked by “∞”, 
and a (small) fluctuation denoted with a prime. 
Considering that the velocity is                , the physical quantities can be 
written as 
 
        
           
   
 
        
   
 
        
           
           
   
 
 
The gas is unperturbed and stationary, so that the velocity components can be rewritten 
assuming that the mean velocity is zero:               . 
For the flow properties (        etc.. ) the perturbations are considered small with respect to 
the value of the unperturbed value. 
Equation 2.3 and 2.5 can be rewritten as follows: 
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(2.6) 
 
and: 
 
     
  
   
  
  
   
  
  
   
  
   
   
  
   (2.7) 
 
Assuming that the second derivatives are continuous, differentiating equations 2.6 and 2.7 and 
combining the results it is obtained the three-dimensional wave equation: 
 
    
   
    
       
(2.8) 
 
Where    denotes the Laplacian operator. 
2.2.2 Acoustic in a rigid cylinder resonator 
The three-dimensional wave equation may be expressed in any coordinate system by 
expressing the Laplacian operator in that coordinate system. It is then possible to introduce  a 
cylindrical reference system with        and   as reference coordinates (see figure 2.2 ). 
Equation 2.8 becomes: 
 
    
   
    
   
    
   
 
 
 
 
   
  
 
 
  
 
    
   
  
    
   
  (2.9) 
 
The obtained equation is linear, which means that the principle of the superposition of 
solutions is applicable. As consequence the general solution can be expressed as the product 
of four independent complex valued functions of respectively variable         and  . Thus, 
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The initial governing partial differential equation is equivalent to a set of four ordinary 
differential equations. 
 
 
 
 
 
 
 
 
 
 
 
Figure 2-2 Coordinate system for an ideal combustion chamber 
 
The detailed solution of the system can be found in many specific books (i.e. Zucrow and 
Hoffman [5]). 
The following boundary conditions for a rigid cylinder must be applied: 
 the velocity of the gas must be zero at the wall along the direction perpendicular to 
each solid boundary 
 the function                  is finite in the cylindrical domain 
 the solution is periodic in    , with a period    
The acoustic pressure oscillation is a wave which is propagating in all three coordinate 
directions simultaneously. Solving analytically the equation 2.9,                 can be written 
as a sum of all possible acoustic modes, as obtained in equation 2.10 : 
 
                           
     
  
     
   
  
                                      (2.10) 
 
The eigenfrequency, for each acoustic modes is expressed by: 
  
   
  
y 
z 
x 
 Analysis of the first tangential mode in a cylindrical rocket 
engine combustion chamber equipped with an absorber 
 
 
Page 12 
of  127 
 
___________________________________________________________________________ 
     
  
 
    
   
  
 
 
  
 
  
 
 
 
   
 (2.11) 
 
   
     
  
  is the Bessel function of the first kind, representing the solution of the radial 
oscillation [6]. The calculation of the coefficients     leads to the results expressed in table 
2.1. 
 
   
 
   0 1 2 3 4 
0 0.000 1.220 2.333 3.238 4.241 
1 0.586 1.697 2.717 3.726 4.731 
2 0.972 2.135 3.173 4.192 5.204 
3 1.337 2.551 3.612 4.643 5.662 
4 1.693 2.995 4.037 5.082 6.110 
Table 2-1 values of       , [5] 
 
  and  are amplitude constant values, and      and      are phase constant values. 
  ,   and     are the so called wave numbers. The relationship between the wave numbers and 
the acoustical oscillation modes for a closed cylinder is summarised in table 2.2. 
 
Wave number Mode of oscillation 
m n l  
m ≠  0 0 Radial 
0 n≠  0 Tangential 
0 0 l≠  Longitudinal 
m≠  n≠  l≠  Combination 
          
Table 2-2 wave numbers and mode shape 
It is important to underline that all modes can exist simultaneously, being all independent one 
from each other. 
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2.2.3 Acoustic modes for a closed cylinder cavity 
High frequency combustion instabilities are caused by the interaction between combustion 
processes and the acoustic field. They are the result of the excitation of the chamber acoustic 
modes. 
Being the acoustic modes defined by the geometry
1
 of the volume in which the perturbation 
manifests, we expect that instabilities are strongly dependent on the geometry of the thrust 
chamber. 
Choosing two of the wave numbers equal to zero, the so called pure mode is obtained.  
Pure modes having a wave number of 1 are the fundamental modes (or first harmonics). 
For a cylindrical resonator, pure modes are titled as 1T for the first tangential mode, 1R for 
the first radial mode, 1L for the first longitudinal mode. 
Illustrations of the oscillation of the pure radial, longitudinal and tangential modes are 
represented in figure 2.3 . 
 
 
Figure 2-3 Modes of oscillation in a rigid closed cylindrical cavity. (a) Longitudinal 
mode. (b) Radial mode. (c) Standing tangential mode. (d) Traveling tangential mode. 
[5] 
                                                 
1
 The acoustic modes are also function of the gas property distribution [7]. 
pressure 
oscillations 
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Longitudinal modes can be seen as a wave travelling along the longitudinal axis of the rigid 
resonator, being continuously reflected by the bases of the cylinder. The shape of the pressure 
wave presents analogies with the deformation modes of an axially loaded uniform beam. 
Radial modes move in a plane perpendicular to the chamber axis, being reflected by the walls. 
An idea of the resulting shape can be obtained throwing a rock in a circular pond and 
observing the water surface. 
The tangential modes move in a plane perpendicular to the chamber axis, but unlike the 
previous modes, they are not reflected by any solid surface. These modes can be divided in 
two sub-types: standing tangential modes and spinning tangential modes.  
Overtones (higher harmonics) are conventionally titled with a combination of letters and 
numbers as follows: 
 the capital letter R, L or T expresses the orientation of the mode (direction of 
propagation of the perturbation) 
 integers numbers represent the wave numbers 
 
   
 
 
1T 2T 3T 
   
1R 2R 3R 
Figure 2-4 Pressure field of transversal modes of a cylindrical resonator [8]. 
P MAX 
P MIN 
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For example, 1T2R is the mode resulting by the superposition of the first tangential mode 
together with second radial mode. How figure 2.4 shows, each mode is characterized by a 
number of nodal lines, along which the pressure does not vary with time. The shape and the 
number of nodal lines are a function of the wave numbers; while the nodal line direction 
changes depending on the specific mode. In particular the nodal line lies in the fundamental 
plane of the mode and it is perpendicular to the direction of pressure oscillation. 
For example, the nodal lines for radial modes are circles (perpendicular to the radius by 
definition) in the transversal plane of the cylinder. 
2.3 Tangential mode 
The equation 2.10 previously obtained has got a precise meaning: 
 
                           
     
  
     
   
  
                                      (2.10) 
 
For any given frequency, inside the combustion chamber (approximated here to a rigid 
cylinder) the perturbation can be interpreted as the overlap of : 
 one standing longitudinal mode, mathematically expressed by the sinusoidal function 
in the variable     
 one standing radial mode, mathematically represented by the Bessel function     
 two tangential modes of arbitrary relative amplitudes,    and   ,  and phase angles, 
     and     that rotate in opposite directions. 
Looking at the equation 2.10, it is possible to observe that the Bessel function describes the 
shape of the transversal modes (radial and tangential), but it is not related to the longitudinal 
modes. In particular the Bessel function describes also the shape of the tangential modes in 
the radial direction. 
As stated before, while the longitudinal and the radial modes are constrained by solid walls 
and then reflect against the barriers normal to those directions, the tangential mode is not 
reflected by any barrier. That is the reason why it is possible to detect spinning tangential 
mode.  
As consequence, there is no preferred orientation for the nodal lines. 
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Another interesting prospective from which the problem can be analysed is reformulating the 
hyperbolic problem of the partial differential equation as an eigenvalue problem. 
In particular, assuming an harmonic oscillation             with    immaginary unit , the 
wave equation can be transformed into an Helmotz equation which can be solved as an 
eigenvalue problem. More details can be found in the thesis of Bartesaghi M. [8]. 
The reformulation of the original problem in this form permits us to see that two tangential 
modes having the shame shape but different orientations are characterized by the same 
frequency. The phenomenon that, assigned a given frequency (eigenvalue), it is possible to 
obtain two modes (eigenvector) is called twofold degeneration of the (tangential) modes. 
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3 1T mode in a Rigid Cylinder 
In rocket engines undesirable oscillations of the combustion process, causing oscillation of 
the combustion chamber pressure, are usually originated by tangential modes [2], [15]. 
The group of High Frequency combustion instability at DLR Lampoldshausen made several 
efforts in order to better characterize, both analytically and experimentally, the tangential 
acoustic mode[9],[10], [13],[16], [11]. 
The aim of this chapter is to summarise part of the most relevant results obtained 
investigating the 1T mode analytical solution for a pure cylinder.  
The analytical model described in this chapter represents the starting point of the entire 
subsequent analysis: the model is compared with the experimentally obtained reconstruction 
in chapter 4, and it is extended to the case in which the combustion chamber is equipped by a 
small
2
 cavity in chapter 6. 
3.1 Spinning and Standing tangential waves 
The general solution for the acoustic pressure field is described in equation 2.10. If we want 
to focus on the first tangential mode we can limit the solution imposing            . 
The constant angles      and     define the orientation of the mode at the time instant      , 
so that they can be freely set to zero. 
This yields to the equation for the acoustic pressure field of the 1T mode for a pure cylinder. 
 
                    
     
  
                          (3.1) 
 
                                                 
2
 See chapter 5 for details about the hypothesis of 'small' cavity 
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As discussed later in chapter 4, all the experimental results are obtained measuring the 
pressure signal on the wall of the combustion chamber.  
We can obtain the acoustic pressure field at the wall, evaluating equation 3.1 for      .and 
conveniently imposing              . By doing so, for the wall pressure distribution we 
obtain: 
 
                                            (3.2) 
 
In order to analyse equation 3.2 it could be useful to introduce the definition of the two kinds 
of different waves: spinning wave and standing wave.  
It is possible to characterize them by analysing the pressure measurements detected by 
sensors continuously distributed along the entire wall of the combustion chamber. In figure 
3.1 a scheme of pressure sensors distribution used for the present simulation is shown. 
 
 
 Figure 3-1 Schematic distribution of sensors 
 Sensor 1 
 Sensor 2 
 Sensor 3 
 Sensor 4 
 
 
The tangential standing wave measured at the wall has got the following mathematical 
expression, if   is constant in time: 
 
                                                                                                (3.3) 
 
  PMAX 
  PMIN 
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From figure 3.2 it can be seen the reconstruction of a tangential standing wave detected by 
sensors ideally displaced along all over the combustion chamber wall.  
It is also possible to observe that there is a tangential position    in which the amplitude is 
zero (nodal points or wave nodes).The wave nodes have a fixed position in time and the 
resulting pressure signal exhibits periodic oscillations. 
The behaviour in time of the tangential standing wave is captured in detail in the figure 3.3. 
In the figure the pressure signals detected by the sensors whose distribution along the camber 
wall is schematized in figure 3.1 are presented. The pressure signals measured by the different 
sensors (in different     positions along the wall) have all the same phase but different 
amplitudes. 
On the other hand, the tangential spinning wave measured at the wall has got the following 
mathematical expression, if   is constant in time: 
 
                                                                                                  (3.4) 
 
In figure 3.4 the reconstruction of a tangential spinning wave detected by sensors ideally 
displaced along all over the combustion chamber wall is shown. The spinning wave exhibits a 
rotation behaviour; it also means that it propagates in a direction, clockwise or counter 
clockwise, with angular velocity  . The resulting pressure field simulated in figure 3.4, for 
example, moves to the left (rotation in a clockwise direction) without oscillating in time. 
The behaviour in time of the tangential spinning wave is captured in detail in the figure 3.5, in 
which the pressure signals detected by the sensors whose distribution along the camber wall is 
schematized in figure 3.1 are presented. 
The pressure signals measured by the different sensors (in different     positions along the 
wall) have all the same amplitudes but a different phase. The phase between each signal 
corresponds to the angular distance between the sensor positions. 
It is also possible to observe that there is always a couple of tangential points in which the 
amplitude is at maximum and, as consequence, there is always a couple of tangential points in 
which the pressure is zero. 
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Figure 3-2 Tangential standing wave detected along the wall (      ) 
 
 
Figure 3-3 Wall pressure sensors signals for standing wave 
wave motion 
(oscillation) 
fixed nodal points 
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Figure 3-4 Tangential spinning wave detected along the wall (      ) 
 
 
Figure 3-5 Wall pressure sensors signals for spinning wave 
wave motion 
(rotation in clockwise 
direction) 
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Another point of view to analyse the two different behaviours is to calculate the pressure field 
from equation 3.1. The result is graphically summarized in figure 3.6. 
The blue line represents the perimeter of the cylindrical wall chamber, which is integral with 
the inertial reference frame. 
 
 
Figure 3-6  3D Acoustic pressure field in the combustion chamber. Evolution of 
equation 3.1 
 
We can distinguish different behaviours depending on the kind of pressure wave: spinning 
wave motion, highlighted in red colour, and standing wave motion, highlighted in green 
colour. In principle, the two behaviours are independent one from each other. 
For a standing wave it is possible to identify two fixed tangential points whose pressure 
remains equal to zero during the entire simulation. These are the two nodal points represented 
in figure 3.2 and they identify the so called nodal line, which is fixed. The standing wave 
periodically oscillates around the nodal line. 
X [m] 
Y [m] 
Z [m] 
nodal 
line 
nodal 
points 
Rigid rotation around 
a fixed virtual axis 
Oscillation 
around the 
nodal line  
  PMAX 
  PMIN 
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For a spinning wave, on contrary, it is still possible to identify two tangential points whose 
pressure is equal to zero, but the angular positions of the nodal points progressively change 
during the simulation. The spinning wave rotates, clockwise or counter-clockwise, around the 
axis of symmetry of the cylinder without any oscillation. 
3.2 Overlay of spinning and standing waves 
It can be shown that the 1T mode in a pure cylinder can be seen as a proper superposition of 
standing and/or spinning waves. 
Equation 3.2 can be simplified if for                          , for simplification. We obtain: 
 
                                     (3.5) 
 
It states that 1T mode can be interpreted as the overlay of two spinning waves which: 
 are rotating with the same angular velocity   and with a period    
  
 
 ; 
 are rotating in opposite directions; 
 have amplitudes   and   .Their values do not depend on time. 
By using  
                                                                
                                                                 
 
it is possible to rewrite equation 3.5 putting it in the following form: 
 
                                                                 
 
Equation 3.7 states that 1T mode can also be interpreted as the overlay of two standing waves 
which: 
 are oscillating with the same frequency linked to   and with a period  ; 
 have the two nodal lines perpendicular one each other; 
 have amplitudes somehow related one each other. Their values do not depend on time 
and are defined by  and  . 
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It is also possible to obtain a further description by manipulating equation 3.7 as follows: 
 
                                                                   
 
                                                    
                                                            
 
                                          (3.8) 
 
Equation 3.8 states that the general case of a propagating 1T mode can be finally interpreted 
as the overlay of a standing and a spinning wave. The standing wave has the amplitude 
    and the spinning wave has the amplitude       . Their values are constant in time. 
It is important to underline that all the situations are perfectly equivalent.  
3.3 Analytical Model of Acoustic Pressure field 
It is possible to rewrite equation 3.5 in the following different form: 
 
                              (3.9) 
 
The main advantage of this representation is the possibility of interpret the phase      as the 
rotation angle of the nodal line of the general 1T acoustic pressure field in the combustion 
chamber. The idea of this concept is illustrated in figure 3.7 
 
 
Figure 3-7 Phase angle varies in time 
     
X 
Y 
  PMAX 
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Being       a time dependent parameter, one can easily conclude that the dynamical 
behaviour of the most generic acoustic field is composed of a rotator part. 
By using 3.6a and 3.6b, the equation 3.9 becomes: 
 
                                                  (3.9 b) 
 
Comparing the equations 3.9.b and 3.7, imposing                          , we obtain: 
 
 
                            
                             
   
(3.10a) 
(3.10b) 
 
Rising to the power of two and summing, it is possible to write an expression for both        
and      : 
 
   
                                                                                
          
         
   
            
             
         
            
             
   
(3.11a) 
 
(3.11b) 
 
In the following section both the phase       and the amplitude      of the pressure field are 
analysed. 
3.3.1 Phase 
One possible mathematical expression of the phase can be obtained from equation 3.11b : 
 
              
            
             
  (3.12) 
 
An equivalent result can be reached also by extracting the phase directly from equation 3.10b 
and using the amplitude expression in equation 3.10a. In this case, we explicitly obtain: 
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  (3.13) 
 
A detailed and systematic study of  equation 3.12 was conducted in the master thesis of Stefan 
Gröning [14]. The most important results are here summarised in order to obtain a systematic 
presentation of the problem. 
Referring the analysis to equation 3.7 it is possible to distinguish two different limit cases: 
 if      , the resulting acoustic pressure field is a standing wave: 
 
                             (3.14) 
 
In this case, the nodal line is fixed for the duration of each quarter of the oscillation 
period     (see figure 3.8). The angle increases quickly of +180 degrees near to  
 
 
 . The 
same result can be obtained starting from equation 3.5. In this case the pressure field is 
the summation of two spinning waves travelling in opposite directions with the same 
frequency. As common result, this summation gives a standing wave. 
 
 
Figure 3-8 Orientation of the nodal line     as function of M/N ratio 
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 if          , the resulting acoustic pressure field is a spinning wave. If N=0, 
for example, we have: 
 
                       (3.15) 
 
In this case, the nodal line is expected to vary linearly in time (see figure 3.8). 
It must be noticed that, according to this simplified model, no change in rotation direction is 
foreseen. It also means that, whatever are the values of    or   , the direction of the 
evolution of the phase does not change in time. 
3.3.2 Angular velocity 
Calculating the derivative in time of the phase from equation 3.12, it is possible to obtain an 
expression for the angular velocity: 
 
         
          
                   
 (3.16) 
 
 
Figure 3-9 angular velocity      as function of M/N ratio 
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As can be seen from the figure 3.9, the development of the angular velocity during half period 
depends on the  
 
 
 ratio; or, equivalently, if we are in the spinning or standing behaviour case. 
In particular, as described in section 3.2, a standing wave   
 
 
     is characterized by an 
angular velocity equal to zero, with infinite velocity at the spontaneous change; while a 
spinning wave   
 
 
     has a constant angular velocity. 
3.3.3 Amplitude 
The relationship between the amplitude       and the parameters   and  , is described by 
the equation 3.11a 
 
                          (3.17) 
 
It is useful to observe that determining the maxima and the minima of        we obtain [13]: 
 
             
           
(3.18) 
 
and, as consequence: 
 
  
          
 
 
  
           
 
 
(3.19) 
 
The role played by the two time independent parameters   and   can be interpreted also 
considering that the direction of the propagation of the tangential acoustic wave is strictly 
linked to the ratio  
 
 
  . This concept is important for the subsequent analysis. For that reason it 
is presented in deep detail in paragraph 4.2.2 
 
It must be noticed that the performed analysis is only valid for a perfect cylinder without any 
distortions. In the chapter 6 this model is extended to the case in which the combustion 
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chamber is equipped by a small
3
 cavity, and further observations about the development in 
time of the 1T acoustic pressure field with a disturbance of the perfect cylindrical geometry 
are made. 
                                                 
3
 See chapter 5 for details about the hypothesis of 'small' cavity 
 Analysis of the first tangential mode in a cylindrical rocket 
engine combustion chamber equipped with an absorber 
 
 
Page 30 
of  127 
 
___________________________________________________________________________ 
4 Experimental data 
As can be seen from equation 2.1, in order to verify if Rayleigh criterion is satisfied or not, 
one must identify the dynamic pressure field                   . 
Many experiments [[9],[10]] have highlighted the important role played by tangential modes 
in thermo acoustic instabilities, being the modes with the highest energy content.  
In this chapter the experimental data which are used as basis for the performed analysis are 
described, and all the experimental setup is briefly introduced. 
Some more details about the experimental data can also be found in chapter 7 and 8. 
4.1 Experimental set-up 
The experimental combustor BKD operates in the cryogenic high pressure test facility at DLR 
Lampoldshausen [11]. 
 
 
Figure 4-1 P4 and P5 facilities in Lampoldshasuen 
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This model of combustor is used to investigate the combustion processes with the propellant 
combination of LOX/GH2 and LOX/LH2. The chamber is designed to operate safely with a 
pressure of up to 80 bar; in these conditions the injected liquid oxygen is in a supercritical 
conditions and the operative point is representative of a liquid propellant engine with 
cryogenic propellant. 
The BKD is a multi-injector engine with 42 shear coaxial injectors. 
The combustion chamber has a cylindrical shape with a diameter of 80 mm. The geometry is 
cylindrical because it is representative for most combustion chambers, but also because 
circular shape allows the development of rotating tangential modes [13]. 
In order to measure the acoustic pressure field, the BKD has been equipped with a specific 
HF measurement ring installed between the injector head and the combustion chamber. 
 
 
Figure 4-2 BKD Combustion Chamber with the HF measurements ring installed 
 
As illustrated in fig 4.2 the main measurement elements are 8 equiangular distributed dynamic 
pressure sensors, 
Injector Head 
HF Measurements 
Ring 
Combustion 
Chamber 
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It has been demonstrated that, depending on the operating condition, the chamber can be 
operated at stable or unstable conditions [12].  
 
 
Figure 4-3 HF Measurement ring equipped with 8 dynamic pressure sensors 
In correspondence of the unstable operation points, it shows self-excited high frequency 
combustion instabilities without an external excitation system.  
4.2 Experimental data analysis 
The experimental data available for the analysis of the tangential acoustic mode were 
measured by 8 dynamic sensors regularly displaced along the ring wall.  
 
 
Figure 4-4 Typical measured dynamic pressure sensor signal 
Dynamic Pressure Sensor 
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In the figure 4.4 an example of the dynamic pressure signal is shown. 
A pressure field reconstruction method, which is able to reconstruct the amplitude and 
orientation of the first tangential mode in the plane of the sensors, has been presented by 
Sliphorst et. al [13] and Groening [14]. 
Figure 4.5 shows an exampling result of this reconstruction process. 
 
 
Figure 4-5 1T mode reconstruction in BKD combustion chamber 
A quick summary about how the experimental data have been obtained is given in this 
section. Part of these results are extensively used is this thesis either as a starting point for a 
further mathematical considerations, either as a verification of the model developed. 
4.2.1 Reconstruction procedure 
The specific reconstruction of the tangential acoustic mode starting from the pressure 
measured by 8 dynamic sensors placed along the ring wall has been described in Sliphorst 
[13] and Groening [14].  
It should be mentioned that no pressure measurements can be realized inside the volume of 
the combustion chamber, but the inner acoustic pressure field is reconstructed from its profile 
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at wall. As discussed in the next chapters, in this thesis the wall distribution of the 1T mode is 
generally used to describe the whole mode; this is actually proven to be a sufficient 
description [13]. 
The method applied for the characterization of the pressure waves in the cylindrical resonator 
incorporates the following key points: 
 The signals are measured by pressure sensors distributed along the circumference of 
the combustor (figures 3.1, 4.3 and 4.4) 
 The data acquisition rate is chosen to be high enough in order to resolve the 1T mode, 
according to the Nyquist sampling-theorem. 
 The raw pressure signal contains all the possible acoustic eigenmodes, as can be seen 
later in figure 4.8, for example. The Fourier transform spectrum can be used to 
estimate the 1T frequency. 
 A band pass filter is applied around the 1T mode frequency. More details about the 
filtering algorithm can be found in [14]. 
 The noise in the analysed frequency has been measured and filtered out in order to 
minimize the error. 
 An algorithm described by Sliphorst et al has been used to reconstruct the pressure 
field on the chamber wall for all tangential angles, fitting the equation 4.1 to the 
experimental data (section 4.2.2). 
      and       have been numerically determined starting from analytical results 
valid for a pure rigid cylinder resonator and described in the section 3.3.1.  
       and       have been numerically determined starting from the analytical results 
described in the section 3.3.3. In particular, starting from the experimentally obtained 
evolution of       , by using equation 3.17, the values of        and       can be 
determined, obtaining the equations 3.18. As a consequence, both parameters   and 
  can be calculated, as shown by equation 3.19.  
 The rotation characteristics of the 1T mode is then described using these two 
parameters. The role played by the two time independent parameters   and   can be 
interpreted also considering that the direction of the propagation of the tangential 
acoustic wave is strictly linked to the ratio  
 
 
 . This concept is described in the next 
section 4.2.2. 
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 Applying the model of a superposition of counter-clockwise and clock wise spinning 
modes, or alternatively a superposition of spinning and standing modes, the dynamic 
pressure field in the frequency range of the 1T mode has been finally interpreted. 
4.2.2 Reconstruction results 
The result of the reconstruction described above is a wall pressure distribution signal whose 
behaviour can be approximated as follows [13] : 
 
                                  (4.1) 
 
 
Figure 4-6 Typical wall pressure distribution fluctuation               reconstruction 
along the cylindrical chamber wall (   
   
   ) 
 
The wall pressure distribution              is a sinusoidal oscillation whose amplitude       
and phase      are functions of time.  
This oscillation is not symmetric around zero because of the presence of an off-set   
    
. 
According to the theoretical analysis, this off-set should not exist, but experimental data has 
shown to have it [13]. For the further analysis the term    
   
  is neglected. 
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In figure 4.7 an application of the algorithm reconstruction used to obtain both      and       
is shown.  
 
 
Figure 4-7  Rotation direction changes if the sign of the ratio  
 
 
 changes 
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As can be seen from the figure, the reconstructed phase is not constant in time. In particular: 
 if      , the detected rotation of the pressure field is clockwise (blue area) ; 
 if     , the detected rotation of the pressure field is counter-clockwise (light red 
area); 
 when        , a spinning behaviour can be detected; 
 when    , a standing behaviour can be detected;  
In order to interpret the experimentally detected behaviour of 1T pressure field, equation 3.5 
can be used: 
 
                                     (3.5) 
 
It is clear that when the two spinning waves have the same amplitudes (   ), the resulting 
wave is a standing one.  
In case one spinning wave dominates the other in terms of amplitudes          ), 
the resulting wave is a spinning one, rotating in the direction of the prevailing wave. 
The most common case is the one in which the two spinning waves have comparable 
amplitudes, so that the resulting wave is given by the superposition of spinning and standing 
waves. 
The effective 1T acoustic pressure field, even in the case of a pure cylinder combustor 
chamber, is characterized by a non-regular standing-to-spinning-to transition. This 
phenomena is analysed in deep detail and discussed in paragraph 6.2. In addition, a random 
changing of the rotation direction characterizes the dynamic of the system. 
We must underline that these two phenomena are identified just experimentally but not 
theoretically. Nevertheless, they can be interpreted by using the mathematical results 
presented in this section. 
The data used in this thesis are coming from two different test runs, respectively named 
“DLR-BKD-LL-11-02-run2” and “DLR-BKD-LL-11-02-run4”. 
The substantial difference between the two test runs is that the  “DLR-BKD-LL-11-02-run4” 
is conducted with the BKD equipped with a quarter wave absorbers, while the other campaign 
is performed with the BKD without any cavity. Both the test runs have been conducted for 60 
seconds. 
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In the figure 4.4 the dynamic pressure signal of the first sensor has been previously shown. 
By calculating the PSD of the dynamic pressure sensor signals it has been possible also to 
identify the eigenmodes of the combustion chamber [10]. 
 
 
Figure 4-8 PSD of a dynamic pressure sensor 
For further analysis, time windows with the names LP1, LP2, etc.. have been introduced, as 
the table 4.1shows 
 
name Time window (s) 
LP1 9 - 10 
LP2 14 - 15 
LP3 24 - 25 
LP4 29 - 30 
LP5 34 - 35 
LP6 39 - 40 
LP7 44 - 45 
LP8 49 - 50 
LP9 54 - 55 
Table 4-1 definition of analysis windows 
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In this  thesis the following particular data have been used: 
Notation used at DLR Description 
Meaning of the parameter 
and symbol used 
DLR-BKD-LL-11-02-run4-
LP3-PHIC 
Phase of sinusoidal oscillation      : see equation 4.1 
DLR-BKD-LL-11-02-run4-
LP3-A 
Amplitude of sinusoidal 
oscillation 
     : see equation 4.1 
DLR-BKD-LL-11-02-run4-
LP3-PHIR 
Rotational parameter       : see equation 6.16 
DLR-BKD-LL-11-02-run4-
LP3-M 
Amplitude of clockwise 
spinning mode  
     see equation 3.1 
DLR-BKD-LL-11-02-run4-
LP3-N 
Amplitude of counter clockwise 
spinning mode  
     see equation 3.1 
Table 4-2 Description of experimental data  
These data are the result of the specific reconstruction of the pressure sensors data as 
described before. Three examples of such post processing procedure can be seen in figures 
3.8, 3.9 and 3.10 in which the signals of respectively the amplitude       , of the phase      
and of the rotational parameter     , defined in section 6.4, are reconstructed for the same 
time window. 
 
Figure 4-9 Example of the amplitude signal      
Zoom 
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Figure 4-10 Example of the phase signal    : rotation direction does not changes 
regularly and a random spinning-to-standing-transition(STST) is detected (chapter 6) 
 
 
Figure 4-11 Example of the reconstruction of the rotational parameter signal      
 
These experimental data are recalled at different levels during this analysis; further 
explanations, details and comments are given time by time. 
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5 1T mode in presence of a small cavity 
In order to suppress the development of the combustion instabilities, different devices can be 
applied to the combustion chamber. Helmotz absorbers or quarter-wave resonators are an 
example for such damping devices [1],[2],[15]. 
The first part of the section is dedicated to the description of this kind of absorbers used to 
increase the stability margin of the motor.  
In the second half of the section the effects that the introduction of an absorber has on 1T 
mode will be discussed. Different experimental results are reported to support the idea that the 
introduction of a small cavity splits the 1T mode into a symmetrical and an anti-symmetrical 
component. 
The chapter ends with the formulation of a further hypothesis of work, whose aim is to 
simplify the mathematical problem. 
5.1 Quarter wave absorber 
There are generally two different ways to deal with combustion instabilities: 
 eliminate the root cause; 
 suppress the effects/symptoms. 
An absorber damps the acoustic oscillations but does not eliminate the root cause.  
One means of promoting a stable combustion process is the use of acoustic resonators 
distributed over some portion of the thrust chamber interior. 
Depending on the axis alignment of the acoustic cavity, quarter wave absorber can be 
classified as a radial or an axial one. 
Each kind of absorber is deputised in preventing a particular acoustic mode. 
Several areas of investigations have been pursued in last years, finding analytical relevant 
result and obtaining useful empirical data [[10], [15], [16], [17]]. 
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The basic idea of this approach is the intention of increasing the dissipation rate of acoustic 
energy in order to increase the stability margins of the engine. 
 
 
Figure 5-1 Conceptual scheme of cavity configuration based on Oberg et all [15] 
 
The application of a cavity to combustion chamber results in a coupled acoustic system, 
composed of a cylindrical resonator and of an absorber.  
In the frame of linear acoustics, both resonance volumes are usually treated as two 
independent acoustic resonators in order to simplify the mathematical and physical problem 
[10]. The frequencies of the absorber are tuned in a way that they are in resonance with the 
frequencies of the main acoustic environment.  
When this criterion is used, it is expected that the cavity will have a maximal response with 
strong acoustic velocity oscillations at the cavity inlet. These velocity oscillations dissipate 
Thrust 
Chamber 
Radial Acoustic 
Cavity 
Axial Acoustic 
Cavity 
Injector 
head 
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acoustic energy, both through viscous losses at the cavity walls and also through vortex 
generation and turbulent dissipation at the cavity exit. 
 
 
Figure 5-2 Qualitative flow field at the (radial) absorber inlet (Oschwald et all [16]). 
 
The primary and most important effect, from the standpoint of view of this thesis, is the 
damping of the acoustic system, whose frequencies result being shifted to lower values [16]. 
5.2 1T   and 1T    modes 
Several experiments have been carried out to understand the influence of the radial cavity 
shape on the acoustical damping. 
The High Frequency combustion instabilities group at DLR has investigated experimentally 
and numerically both the acoustic resonance spectrum and the dissipation of specific modes in 
combustors equipped with absorbers  
It was shown that the presence of damping cavities can profoundly modify both the structure 
and frequency of the acoustic modes of combustion chambers [9]. 
In particular, the coupling of an additional resonance volume results in frequencies of the 
coupled system systematically different from the one calculated in a pure cylindrical 
resonance volume. 
Combustion Chamber 
Acoustic Cavity 
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One of the most interesting result is that, for typical lengths of absorbers tuned to the 1T-
mode, peaks are found in the resonance spectrum that do not correspond to the frequencies of 
the pure cylinder modes. It also means that, as can be seen in the figure 5.3, in presence of 
damping cavities, new resonances appear in the spectrum of the acoustic response. 
 
 
Figure 5-3 Two spectrum of the acoustic response of the combustion chamber by 
combustion noise. The first spectrum is detected for a pure rigid cylinder; the second is 
detected in presence of a single absorber (Oschwald et all [16]). 
A profound change in the symmetry properties of the modes is associated with the change of 
the resonance frequencies. As presented in chapter 3 and 4, due the rotational symmetry of a 
pure cylinder resonator, the tangential modes are twofold degenerate. It means that in a pure 
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cylinder two independent 1T modes exist having the respective nodal lines perpendicular to 
each other. 
This symmetry does not exist anymore for a cylindrical resonator with absorber cavity, and 
the two tangential modes are no more of the degenerate type.  
The acoustic cavity has the effect of virtually [[9], [16]] splitting the 1T-modes in two modes: 
one component has the pressure nodal line aligned with respect to the axis of the cavity, the 
other component is perpendicular to the axis of the cavity. The two components are 
respectively labelled    and    .  
 
 
Figure 5-4 Pressure distribution of 1T   (anti-symmetrical w.r.t absorber axis) and 
1T   ( symmetrical w.r.t. absorber axis) modes in a cylindrical resonator equipped with 
a single radial absorber (based on Oschwald et all [16]). 
 
If the length of the absorber is increased, the frequency of    -component  tends to decrease; 
the frequency of the    -component, on contrary, is not affected by the variation of this 
parameter. The additional volume damps the mode whose nodal line is perpendicular to the 
absorber axis, normally the      mode. 
The general behaviour of the coupled system can be explained based on an analytical one-
dimensional analysis of the problem, as shown by Oschwald and Faragò [16]. 
One arrangement of quarter wave absorbers is particularly attractive from a design and 
manufacturing standpoint, and it consists in a single row of radial acoustic resonators along 
the periphery of the injector [15], [16]. 
combustion 
chamber cross 
section 
 
1T   1T  
length of the 
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The application of an absorber ring to a cylindrical resonator changes the resonance spectrum 
of the coupled acoustic system as compared to the combustor alone. For typical length of 
absorbers tuned to the 1T-resonance of the cylindrical combustor volume, in particular, the 
system exhibits new resonances that were not present in the combustor without absorbers, as 
shown in figure 5.5 . 
 
 
Figure 5-5 Spectrum of the acoustic response of the combustion chamber equipped with 
(blue) and without (red)  a 42-absorbers rings (Oschwald et all [17]). 
 
Both analytic and experimental results confirmed that due the coupling of the additional 
volumes of the acoustic cavities and the combustion chamber, the eigenfriequencies of the 
system are shifted to lower values [17]. 
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5.3 New hypothesis 
The two resonances near the 1T-frequency, detected in the combustor spectrum with an 
additional cavity, correspond to the 1T    and 1T    mode. They are represented in figure 5.3. 
As already presented in chapter 4, different experimental data are available about the acoustic 
pressure field in case the combustion chamber BKD is equipped with a single absorber. 
In particular the analysis of the PSD data of test DLR-BKD-LL-11-02-run4-LP3 can be used 
to obtain a qualitative frequency difference between the two virtual components of the 1T 
mode, as shown in figure 5.6 
 
 
Figure 5-6 Power spectral density of a dynamic pressure sensor signal measured in the 
combustion chamber BKD (LP3 test run). 
 
The difference between the two frequencies can be calculated measuring the positions of the 
peaks: 
 
             
 
1T  1T  
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It has also to be considered that the experimentally obtained frequency of anti-symmetric 
mode is               . 
A parameter     can be introduced : 
 
     
   
   
 
 
it represents the frequency shift of two modes. 
According to this experimental calculation, we can expect that the average value of     is: 
 
                
 
The analysis of figure 5.6 confirms that the damping cavity introduces a frequency drop of the 
1T  mode, the symmetric one, whereas the 1T  mode is essentially not affected by the 
presence of the absorber. 
The resulting acoustic pressure field is the complex coexistence of two terms, analyzed in 
deeper detail in the following chapters. From a mathematical point of view, the wall pressure 
distribution of the acoustic pressure fields of the 1T mode can be expressed as follows: 
 
    
                                          (5.1) 
 
where the subscript 'sC' stands  for 'small cavity'; and    ,     ,   ,    are all constant in 
time. 
From this moment on, the length of the cavity will be considered small. 
This hypothesis means that the quarter wave cavity located on the thrust chamber interior has 
a length ‘LsC', tuned to a quarter wave absorber, and a volume VsC small if compared with the 
volume ‘Vc’ of the combustion chamber. In the limit in which         , the presence of the 
absorber can be seen as a disturbance. The cavity is considered long enough to introduce a 
frequency drop of the order of                , rather than be fixed to a specific value. For 
that reason, we refer to the cavity as a small cavity.  
In this thesis it will be assumed that such cavity has the effect of alignment the 1T  axis 
perpendicular to the 1T  mode axis.  
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The distortion of the field caused by the cavity is small enough to consider both 1T  and 
1T  as two different undistorted 1T fields. 
In order to understand which are the main differences with the previous case, in which the 
resonator whose supposed to be a regular rigid cylinder, the equation 5.1 can be directly 
compared with equation 3.7. 
 
                                                (3.7) 
 
It must be noticed that in the equation 3.7 the 1T mode is composed of two rotating modes 
with constant amplitudes M and N. This can be transformed into a composition of a standing 
wave with an amplitude        and a spinning wave with an amplitude of       .  
On contrary, the equation 5.1 describes a 1T mode composed of two standing waves with 
different amplitudes and frequencies, and they are perpendicular to each other.  
One can conclude that, according to the new hypothesis, 1T mode is virtually split in two 
terms whose temporal behaviour (frequencies) is not the same anymore. 
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6 Analytical model 
The method presented in chapter 3 has proved to be effective in determining the dynamics of 
the pressure field for a pure cylinder resonator and it can be considered as a tool. In order to 
obtain analytical information about the first tangential mode in a cylinder resonator equipped 
with a small cavity (1TsC mode), the same approach is applied in this section. 
However, it is also necessary to take in consideration the hypothesis made in chapter 5 valid 
for a combustor equipped with a small cavity. 
The goal of this chapter is to obtain a model which could serve as a guideline for 
understanding of the general cavity problem, without being quantitatively exact. 
6.1 Analytical model of 1TsC mode Acoustic Pressure field.  
According to the hypothesis explained previously in the section 5.3, 1TsC mode in presence of 
a small cavity can be approximated to the overlay of two tangential standing modes 1T    and 
1T   whose frequncies and amplitudes are different for each mode, and whose nodal lines are 
rotated by 90°.  
In order to simplify the analytical description of 1TsC , the equation 5.1 can be rewritten and 
two new parameters can be introduced: 
 
    
                                         
 
 
                                                     
                                            
   
(6.1) 
where the subscripts meaning is:      and     . 
 
An equivalent and useful expression for the wall pressure distribution in presence of a small 
cavity is then: 
    
                                                 (6.2) 
 Analysis of the first tangential mode in a cylindrical rocket 
engine combustion chamber equipped with an absorber 
 
 
Page 51 
of  127 
 
___________________________________________________________________________ 
In analogy of equation 3.9, we can represent the wall pressure distribution by the following 
expression: 
 
                                (6.3) 
 
The main advantage is the possibility of interpret the phase      as the rotation angle of the 
nodal line of the general 1T acoustic pressure field in the combustion chamber. The following 
figure can be used to graphically interpret this useful concept, as done before in the section 
3.3 
 
Figure 6-1 Rotation in time of the nodal line 
 
Equation 6.3 can be rewritten by using equation 3.6a: 
 
                                                        
(6.4) 
 
Imposing    
                           , we lead to the condition : 
 
 
                          
                           
  
(6.5a) 
(6.5b) 
 
Rising to the power of two and summing it is possible to write both the amplitude and the 
phase of the pressure field as follows: 
 
     
X 
Y 
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(6.6a) 
(6.6b) 
 
These equations could be directly compared to equations 3.11a and 3.11b. 
6.1.1 Phase 
The phase       can be analytically expressed in three equivalent ways, at least: 
 the first manner of expressing the angular rotation is the relation  6.6b. In that case it is 
also possible to stress the dependence from the frequency difference     and the 
amplitude ratio    as follows: 
 
                 
             
        
  (6.7) 
 
 the second way to present      , in analogy with equation 3.13, can be obtained 
combining equation 6.5b together with equation 6.6a: 
               
 
 
            
   
             
           
 
 
  (6.8) 
This form is not practical, but it is here presented to obtain a more complete overview. 
 
 the third way to introduce the phase is to observe that        describes the orientation 
of the nodal line with respect to an inertial frame. It means that        also represents 
the variation in time of the angular position of the pressure minimum     . Pressure 
minimum points can be found from the partial derivative of 6.2, as follows 
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which leads to a result analogous to the equation 6.7, as follows: 
 
                
             
        
  
(6.9) 
 
It can be observed that        represents the angular rotation of a generic point along 
the wall with respect to an inertial frame (figure 6.1). In this case it has been used the 
minimum pressure point        because it is a comfortable point from the analytical 
standpoint of view. 
The behaviour in time of the phase is plotted in the picture 6.2. The argument of the arctan 
function is a periodic function; as consequence the phase is expected to be periodic in time. 
The figure shows that there is a transition from standing to a more uniform behaviour, and a 
re-transition from uniform to standing behaviour can be observed periodically. 
In addition, a regular change of the rotation direction is detected.  
This phenomena are related one each other; in particular the changes of the rotation happen 
during a standing trend. 
The relation between these different events will be further explained in the next sections. 
6.1.2 Angular velocity 
The development in time of the angular velocity can be observed in the figure 6.3. As 
expected, also the angular velocity is a periodic function of time. 
Whatever is the representation used to interpret the phase , it is possible to calculate the 
angular velocity as the derivative in time of      : 
 
      
 
 
 
                                       
         
   
         
        
 
 
 
 
 
 
 
 (6.10) 
 
Comparing figures 6.2 and 6.3 it is possible to observe that a non uniform rotation trend is 
characterized also by high values of angular velocity. In addition, in correspondence of the 
rotation changes high angular velocities are periodically detected. A further explanation is 
presented in the next paragraphs. 
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Figure 6-2 MATLAB simulation of the phase 
 (                             ) 
 
 
Figure 6-3 MATLAB simulation of the angular velocity 
 (                             ) 
Zoom 
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6.2 Standing-to-Spinning transition (STST) 
Unlike the theoretical model developed in chapter 3, the actual model of the acoustic pressure 
field is characterized by two fundamental behaviours: 
 the changing of the rotation direction (section 6.4); 
 the spinning-to-standing transition behaviour. 
With the name 'standing-to-spinning-transition' (STST) we refer to a phenomena detected 
both by the analytical model and by the experimental investigations. It consists in the 
progressive changing of the 1TsC mode from a spinning behaviour to a standing behaviour and 
vice versa. 
One can observe the simulated transition mentioned just following ideally the path of the 
periodic function      in figure 6.2. 
This phenomena can be analytically interpreted also analysing the angular velocity. 
Depending on       , one can consider a particular mode to be active: 
 
       
                                                                                  
                                                                                  
                                                                 
                                                          
  
 
A graphical comparison between the behaviour in time of both       and       is shown in 
Table 6.1 in order to better understand the dynamic of the acoustic pressure field. 
In the table 6.1 the function       and        for two different time windows are represented. 
Depending on the time window, the behavior of the first tangential mode could be 
approximated as a succession of standing waves or spinning waves. 
In the first case, window A, it is possible to observe that the phase angle increases quickly of 
+180° step by step. As consequence, the peak of the angular velocity is progressively higher.  
On the other hand, in window B, the phase for a spinning wave changes almost linearly in 
time and the angular velocity is expected to be almost constant. This trend can be better 
understood comparing the present result with the ones obtained in sections 3.3.1 and 3.3.2, 
respectively summarized in figure 3.8 and in figure 3.9. 
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Table 6-1 Phase(red) and angular velocity(blue) as function of time 
(                       
   
 
 ) 
 
More details can be found in paragraph 7.2.1. A detailed comparison between theoretical and 
experimental results is presented in chapters 7 and 8.. 
6.3 1TsC modes as the overlay of 2 non-constant spinning waves 
Further driving mechanisms can be captured just manipulating the fundamental equation 6.1. 
Using equations 3.6a and 3.6b it is easy to write the pressure field as the overlay of four 
spinning waves having frequencies and amplitudes fixed in time: 
 
   
                                                     (6.11) 
 
where: 
 
+180° 
'jump' 
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The idea behind this simple mathematical step is clear. It has shown before (equation 6.1) that 
the pressure field can be seen as the superposition of two standing waves; but each standing 
waves is also the superposition of two spinning waves travelling at a constant frequencies in 
opposite directions with a constant amplitudes, as has been shown before in the section 3.1. 
One can combine the summation of the four waves as prefers without changing the final 1TsC 
mode behaviour. A possible combination is the following one: 
 
    
                                                    
(6.11b) 
 
It is also possible to write: 
 
   
   
                                
   
   
                               
 
and, as easy consequence, one obtains: 
 
                 
 
              
 
            (6.12) 
 
Each term of equation 6.12 represents a spinning wave whose amplitude and frequency are 
both function of time.  The result is a sort of a wave whose main aspects are represented in 
figure 6.4. This wave can also be compared with figures 3.2, 3.3, 3.4 and 3.5. 
It can be observed that the direction of the rotation of this type of wave does not change in 
time; this characteristic is typical of a spinning wave. While the wave travels, clockwise or 
counter clockwise, the amplitude oscillates periodically; this characteristic is typical of a 
standing wave. 
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Figure 6-4 Non-constant spinning wave travelling clockwise. Nor the amplitude nor the 
rotation frequency remain fixed in time as happens in the case of pure cylinder 
resonator.  
 
In addition, the rotation velocity is not constant in time, but it slightly varies (see appendix B).  
In the Appendix A are demonstrated and justified all the transformations required to show that 
the pressure field of the 1st tangential mode in presence of a small cavity can be written as: 
 
    
                                               (6.13) 
 
where 
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   (6.14b) 
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  (6.14c) 
           
  
 
         
  
 
        
  
 
         
  
 
        
   (6.14d) 
 
       and        can be expressed not only as function of     ,     ,     and    , as done in 
equations 6.14, but also as function of    ,    and      as scaling parameter. 
Developing terms in parenthesis and using the definition of amplitude ratio and frequency 
difference, one can rewrite the amplitudes of the non constant spinning waves (see Appendix 
A for details) as follows: 
 
 
 
 
 
 
         
 
 
 
  
 
 
 
 
          
 
 
        
 
 
 
  
 
 
 
 
          
 
  
(6.15a) 
 
(6.15b) 
 
This representation is used in the following paragraph to define a new useful parameter: the 
rotational parameter. 
6.4 Rotational parameter 
The analysis of the pressure field oscillations can be improved if we introduce a rotational 
parameter   , which is a measure for the average rotation characteristics of the 1T mode [12]. 
We can define it as: 
 
     
         
         
 (6.16) 
 
This parameter is a function of the time and can be used to obtain information about the 
current rotation type for the 1T mode. 
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6.4.1   for pure cylinder resonator 
The trend of the rotational parameter can be understood analytically if we first consider a pure 
cylinder resonator. 
In this case the rotational parameter is not a function of time and can be easily linked to the 
behaviour of the mode. Actually, rewriting  the equation 3.7 
 
                                                (6.17) 
 
we can observe that: 
 If      , then      and the 1T mode is a standing wave. 
 If      , then          ≠       ≠           . Whatever the case, the 
1T mode is a spinning wave. 
It also means that the angular velocity of the rotation is somehow related to the sign of that 
parameter. In particular one can expect that the rotation happens in clockwise direction if 
     and happens in counter-clockwise direction if    . Recalling  equation 3.5: 
                                   (3.5) 
Analysing the equation it is possible to conclude that the sign of    is directly related to the 
relationship between the amplitudes of the two standing waves, which are travelling in 
opposite directions. When      (or        one of the two standing dominates on the 
other, characterizing the final resulting 1T wave. 
 
6.4.2     in presence of a cavity 
     can be expressed, starting by the definition, as the function of    and    if we consider 
that       and       can be expressed by using equations 6.15a and 6.15 b : 
 
      
   
 
  
  
  
 
            
 
    
 
  
  
  
 
            
  
   
 
  
  
  
 
            
 
    
 
  
  
  
 
            
 
    (6.19) 
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All the information obtained in the pure cylinder resonator can be confirmed also in the case 
in which the resonator is equipped with a small absorber (1TsC mode). 
The model implemented in MATLAB confirms the expectations, as can be seen in figure 6.5 
and 6.6. 
 
 
Figure 6-5 Comparison between phase     (red) and rotational parameter     (green). 
(                            ) 
 
Figure 6-6 Comparison between          and rotational parameter      (green). 
(                             ) 
 Analysis of the first tangential mode in a cylindrical rocket 
engine combustion chamber equipped with an absorber 
 
 
Page 62 
of  127 
 
___________________________________________________________________________ 
In particular, the figure 6.5 shows a comparison between the rotational parameter       and 
the phase       of the 1TsC mode, described by the equations 6.7. It is possible to observe 
that a counterclockwise rotation is characterized by a positive value of the rotational 
parameter, while a clockwise rotation occurs if the rotational parameter is lower than 0. If we 
limit the analysis at one period, it is possible to distinguish two areas: a purple area, in which 
the direction of rotation is clockwise and     , and a light-blue area, in which the direction 
of rotation is counter-clockwise and    .  
In figure 6.6, on the other hand, the results of the comparison between the rotational 
parameter      , defined by the equation 6.19, with the behaviour in time of the functions  
      and     , respectively described by the equation 6.15a and 6.15b are shown. One can 
observe that the change of the rotation direction happens when      (standing wave); 
otherwise, when the rotational parameter is at its maximum/minimum the angular velocity 
becomes more constant (spinning wave). The figure 6.6 also shows that the sign of       is 
related to the mutual relationship between      and     . Analysing the figure, it is clear 
that the final rotation direction depends on whether                            or 
                          . It is possible to conclude that the rotational parameter 
can be used to reinterpret either the STST, either the changing of the rotation direction. 
 
6.4.3 Period of     
The equation 6.19 expresses      as a  function of   and   by using equations 6.15a and 
6.15b. 
 
      
   
 
  
  
  
 
            
 
    
 
  
  
  
 
            
  
   
 
  
  
  
 
            
 
    
 
  
  
  
 
            
 
    (6.19) 
 
In Appendix C the equation below is simplified as follows: 
 
      
 
    
  
 
   
 
     
  
     
   
    
  
     
       
 
             
 
(6.20) 
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or, equivalently: 
 
       
                            
 
           
 (6.21) 
 
The rotational parameter is a periodic function, whose period is 
 
   
  
   
 
  
     
 
  
  
 
 
  
 (6.22) 
 
The simulation of the model confirms that it coincides with the period of the 
functions:               and      , as expected. This also means that the frequency of the 
change of rotation direction is defined by the frequency spacing of both oscillations     and 
   . 
6.5 Amplitudes 
In analogy of what has been done in the paragraph 3.3.3, where a pure cylinder resonator has 
been considered, it is possible to obtain useful expressions also for the amplitudes      and 
    . 
In order to do that, one can manipulate the equation 6.13 previously obtained: 
 
    
                                              (6.23) 
 
putting it into the form of: 
 
    
                              (6.24) 
 
After a simple manipulation, equation 6.23 becomes: 
 
    
                                    
                                                 
(6.25) 
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Equation 6.24 can be written as: 
 
    
                                               
(6.26) 
 
Being 6.25 equal to 6.26, we obtain 
 
 
                            
                             
  (6.27) 
 
From the previous system the resulting amplitude        can be calculated: 
 
                             
 
 (6.28) 
 
In analogy of the equations 3.19a and 3.19b, we can write: 
 
 
      
             
 
 
     
             
 
 
 
 
(6.29a) 
(6.29b) 
 
These derivations will be used in the next chapter to demonstrate that the 1T mode can be 
mathematically interpreted as a 1TsC mode in the limit in which the length of the cavity tends 
to zero. 
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7 Analysis, validation and limits of the model 
The aim of the present chapter is to analyze the 1TsC model developed in chapter 6. 
First of all, it is shown that the 1T mode in case of the pure cylinder can be interpreted as a 
particular kind of the 1TsC mode. Actually, all the results already presented in chapter 3, 
related to the 1T mode in a pure cylinder, can be obtained just modifying the new model 
under some specific hypothesis. In order to obtain a better understanding how the behavior of 
the 1TsC is influenced by parameters, a parametric study of the main functions is conducted.  
In the last part, the model is directly compared with the experimental data in order to 
understand which real mechanisms can or cannot be explained by using the 1TsC model. 
7.1 1T mode as a special 1TsC mode 
The 1T mode for an ideal cylindrical combustor cylinder can be described by the equation 
3.5. On the other hand, 1TsC in presence of a cavity is described by equation 6.13 .  
Comparing these two equations several differences can be detected; the most important ones 
are summarised in table 7.1 . 
 
1TsC mode (small cavity) 1T Mode (no cavity) 
    
                              
                                           
                         
                                  
Two non-constant spinning waves (amplitudes 
functions of time) 
Two spinning waves (amplitudes constant) 
Travelling in opposite directions Travelling in opposite directions 
With different frequencies, which are functions 
of time 
With the same frequency, which is constant in 
time 
Table 7-1 1T mode and 1TsC mode are directly compared 
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As explained in section 5.2, the presence of an acoustic damping cavity introduces a 
frequency difference between the two standing waves. In the limit case in which the cavity 
tends to zero the parameter     tends to zero, which also means that          . 
 
Equations valid in presence of a cavity 
                   
Equations valid without a cavity 
   
     
                   
 
          
  
          
  
         
  
          
  
         
          
 
 
               
 
 
           
  
          
  
         
  
          
  
         
          
 
 
                
 
 
    
 
  
 
         
  
 
         
  
 
  
  
 
         
  
 
         
 
 
 
         
 
 
 
   
     
 
 
      
 
 
      
 
  
 
         
  
 
         
  
 
  
  
 
         
  
 
         
 
 
 
         
 
 
 
  
     
 
 
      
 
 
                             
 
        
 
 
                         
 
  
 
      
 
 
            
  
  
         
         
         
 
 
             
  
  
       
        
  
       
 
Table 7-2 Equations valid in presence of a small cavity are capable to describe the pure 
1T mode 
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Under this hypothesis, all the results found in the chapter 6 can be reinterpreted.  
In the Table 7.2 in the left column the most representative functions for the cavity case are 
listed. Evaluating them in the ideal case in which           we obtain the results listed 
in the right column, which are typical of the 1T pure mode without absorber. 
One can observe that equation 7.6, which describes the phase in the limit case in which 
         , is similar but not identical to equation 3.12. In particular they both describe a 
similar behavior in time, just shifted of       . The result is expected and more details can be 
found in Appendix D . 
Results listed in Table 7-2 confirm that the 1TsC model is an extension of the 1T model. In the 
limit case of no cavity (         ) the 1TsC model transforms into the 1T model of a 
pure cylinder. 
7.2 Parametric study 
The goal of this parametric study is to better understand the mathematical 1TsC model 
formalized before, and its dependence of               . 
The evolution in time of the wall pressure field is represented by equation 6.2: 
 
    
                                                (6.2) 
 
The analysis is systematically organized to evaluate equations 6.7 (phase), 6.18 (rotational 
parameter) and 6.6a (amplitude) in two different situations: 
 fixing     and varying     
 fixing     and varying    
Depending on the range in which parameters     and     may vary, 7 different scenarios are 
observed. In each scenario some specific cases are taken in considerations, trying to obtain 
both qualitative and quantitative information about the acoustic pressure field dynamics. 
During the parametric study MATLAB is extensively used. The different simulations 
performed in MATLAB are characterized by some free parameters whose value is arbitrary 
chosen. For example it is chosen a value         
   
 
  . All the figures are described 
reporting respectively the value for each parameter of interest. 
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7.2.1 Phase study 
Equation 6.7 describes the phase behaviour in time. 
 
Scenario 1 
 
             
              
         
  
 
   is fixed; 
     (       ); 
 
      
 
o            
                           standing wave 
The pressure field exhibits a standing wave behaviour. It can be seen graphically form figure 
7.1, in which both the phase and the angular velocity are represented. 
 
 
Figure 7-1 Parametric study. Scenario 1 -Case 1  
(                            ) 
This is expected because if    becomes small, one of the two standing waves dominates the 
other. 
o            
                               standing wave 
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The pressure field can be approximated as a succession of standing waves. The differences 
with respect to the previous case are imperceptible. 
 
 
Figure 7-2 Parametric study. Scenario 1 -Case 2 
(                           ) 
This is expected because also a large value of    menas that one of the two standing waves 
dominates the other one. 
The previous two results seem identical, because the limit case in which               is 
analysed here; in this situation the two resulting standing waves have the same frequency  
On the other hand, the orientation of the remaining standing wave must be different. In one 
case dominates the       mode, and in the other case dominates the      
 
o           
             standing-to-spinning transition 
In this case a regular and smooth STST can be detected, as described in figure 7.3. 
It is also possible to mathematically find an explanation of the STST, which is described in 
paragraph 6.2: 
At initial time            , evaluating equations 6.15a and 6.15b we have: 
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  Spinning wave (7.8) 
 
After a period      
  
   
                 we have: 
 
 
 
 
 
 
        
 
 
 
 
 
   
 
  
  
 
       
 
 
 
 
 
   
 
  
  
 
  Standing wave (7.10) 
 
        and        are periodic functions, so that the spinning-to-standing transition is a 
periodic phenomenon. Periodicity is not affected by the amplitude ratio    . 
 
 
Figure 7-3 Parametric study. Scenario 1 -Case 3  
(                          ) 
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o            
A regular spinning-to-standing transition behaviour can be found. Additional information are 
obtained from the parametric study of the rotational parameter, which directly affects the 
predominance of spinning waves on a standing ones, or vice versa.  
 
Scenario 2 
 
             
              
         
  
   is fixed; 
     
(   ≠    ); 
 
      
 
It is important to underline that the mathematical hypothesis in which        does not 
represent a physical realistic situation. Actually, as explained in the chapter, expected values 
of     are in the order of      . Nevertheless it could be useful to analyse some aspects of the 
model, also in order to understand the limits of the mathematical dissertation. 
Unlike the previous scenario in which we obtain the same standing wave both if        or 
id       , now the final result strongly depends on the value of    . That can be explained 
by the equation 6.2 and considering that by varying     the predominance of one wave over 
the other is varied. While in the previous case the frequency of both oscillations were almost 
equal, in the case now analysed   ≠    ; and depending on the oscillation which prevails 
we expect a different standing wave. 
 
o            
                           standing wave 
As expected, we can distinguish two different trends: an    trend and an     trend, 
depending on which oscillation is predominant..  
Depending on whether        or      , one term of oscillation predominates on the 
other. Each oscillation has got a different period, as can be seen from figure 7.5 and 7.4 
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Figure 7-4 Parametric study. Scenario 2 -Case 1  
(                           ) 
 
o            
                               standing wave 
 
 
Figure 7-5 Parametric study. Scenario 2 -Case 2  
(                          ) 
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It should be noted that, although the observed oscillations are standing 1T modes, they are 
described by a rotation characterized by very large pulses of the rotation speed (as presented 
in figures 6.2 and 6.3 , for example). The standing wave is basically represented by a quick 
rotation. In the present Scenario2 this rotation direction changes in time. 
 
o           
             coexistence of standing and spinning waves 
 
 
Figure 7-6 Parametric study. Scenario 2 -Case 3  
(                        ) 
 
It can be observed from figure 7.6 that the phase is characterized by two different oscillations:  
 the first one is highlighted in the figure with purple area. It has  
cycling frequency of     
  
  
  
   
  
       Hz ; 
 the second one, highlighted by blue colour, has a period of 
    
  
  
 
  
       
  
  
   
          seconds. 
In addition, it must be underlined that the STST does not exist anymore. 
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Scenario 3 
 
             
              
         
  
 
 
      
 
   is fixed 
 
o           
                             standing wave. 
In this case       and the amplitude ratio is not a relevant parameter. 
 
o           
                                          
In this case        . 
Depending on the value of the amplitude ratio, it is possible to obtain two limiting cases: 
  if                        succession of spinning waves 
 
 
Figure 7-7 Parametric study. Scenario 3 -Case 1 
(                     ) 
 
if                  succession of standing waves 
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Figure 7-8 Parametric study. Scenario 3 -Case 2 
(                     ) 
Being       , this situation is analogous to the 1T mode for a rigid pure cylinder. It also 
means that  equations 3.17 and 3.18 can be taken in account to analyse results presented in 
figure 7.7 and 7.8. 
If the amplitude ratio varies, the rotation never changes and the mode is a succession of waves 
always identical. The value of the angular velocity is a function of the amplitude ratio, and 
could be either constant (spinning waves) or zero (standing waves). In this specific case, 
fixing      corresponds to also fixing      . Equivalently, it is possible to interpret this 
situation as a succession of standing waves characterized by an angular velocity always equal 
to zero, with infinite velocity at the spontaneous change (see figure 3.9). 
7.2.2 Rotational parameter study 
Equation 6.21 describes the rotational parameter behaviour in time. 
Scenario 4 
      
 
    
  
 
   
 
     
  
     
   
    
  
     
       
 
             
 
 
  is 
fixed 
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Information concerning the rotational behaviour of the resulting 1T mode can also be 
obtained by analysing the rotational parameter      . By definition, the rotational parameter 
can be written as follows: 
 
     
         
         
  
  
  
  
  
 
            
 
  
 
  
  
  
 
            
  
  
  
  
  
 
            
 
  
 
  
  
  
 
            
 
    (7.11) 
 
We can distinguish two different situations, depending on the value of    : 
o        : 
 in the limit case in which      is maximum              ; 
the maximum value of the rotational parameter      is:        ; 
 in the limit case in which      is minimum              ; 
the minimum value of the rotational parameter      is:         ; 
 
o     : 
the maximum value of the rotational parameter is:      
 
 
 ; 
the minimum value of the rotational parameter is:       
 
 
 ; 
The amplitude ratio     has been defined as follows: 
 
  
                                                     
                                                          
 
  
  
 
 
The symmetric component, according to the hypothesis justified in section 5.3, is not affected 
by the introduction of the cavity. As consequence, it seems reasonable to suppose that the 
amplitude ratio will be a positive number lower than 1. 
The results of the simulation, for        , are presented in figure 7.9. 
In this plot the rotational parameter is analysed together with the phase in order to obtain an 
overview of the situation 
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Figure 7-9 Parametric study. Scenario 4 
(                         ) 
.  
The amplitude ratio does not influence the period of the rotational parameter, but it directly 
affects the shape of both       and      . 
The influence on the phase has already been analyzed in section 6.4 : 
                   standing wave; 
                 ≠       ≠           spinning wave; 
These results can be reinterpreted considering that if the value for the amplitude ratio is fixed, 
also maximum and minimum values of the rotational parameter are fixed.  
If the rotational parameter is fixed, a particular shape of the phase is established. It also means 
that if the value of the amplitude ratio is close to zero, it is impossible to expect any spinning 
behavior. 
 
Scenario 5 
      
 
    
  
 
   
 
     
  
     
   
    
  
     
       
 
             
 
 
  is 
fixed 
 
       
Zoom 
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o Increasing     the period of both the phase and the rotational parameter is decreased. 
 
o In the limit case in which:              no changing in the direction of the 
rotation. Actually it has been observed that:               1T mode 
without cavity. 
 
 
Figure 7-10 Parametric study. Scenario 5 
(                           ) 
 
7.2.3 Amplitude study 
Equation 6.6a describes the amplitude behaviour of the wall pressure distribution in time. By 
slightly modifying it we can express the amplitude as a function of     and    . 
 
                                      
 
 (7.13) 
 
We arbitrary fix       , as it is just a constant scaling factor for      and does not change 
its temporal behaviour. The function       is analysed in two different scenarios, in analogy 
of the strategy followed during the parametric analysis of the rotation parameter. 
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Scenario 6 
                                      
 
 
 
  is 
fixed 
 
       
o              
If     is fixed, for a value of     close to zero the function        is a periodic function whose 
frequency is simply    . 
o              
If     is fixed, for a value of     tends to infinite the function        is a periodic function 
whose frequency is simply          . 
 
 
Figure 7-11 Parametric study. Scenario 6. Case1(left) and 2(right) 
                    
                            
         
 
The resulting function is the superposition of two periodic waves.  
The first periodic wave has a frequency related to 
       
The second periodic wave has a frequency related to 
       
In case     is extremely high or extremely low, the resulting 1T mode is a standing one, as 
discussed also in  Scenario 2, because one amplitude dominates the other one. 
o         
Increasing the amplitude ratio     the plot changes as demonstrated in table 7.3.  
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MATLAB reconstruction of the amplitude for different values of     
  
            
  
          
Table 7-3  Parametric study. Scenario 6, different cases 
 (                  
       ) 
The simulation performed in MATLAB shows that the specific behaviour in time of the 
amplitude is strongly affected by the parameter    , which represents the amplitude ratio. 
The resulting function is the superposition of two periodic waves.  
The first periodic wave has a period related to 
    
  
  
 
The second periodic wave has a frequency related to 
    
  
   
 
 
Being         , both waves are influencing the final shape of the function. 
If one modifies  the value of     the periodicity of none of the two waves changes. However, 
by acting on     one can balance the relative amplitudes of the waves, obtaining that one wave 
prevails to the other one in terms of amplitudes. 
spinning mode 
with 
constant amplitude 
standing mode 
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Scenario 7 
                                      
 
 
 
  is 
fixed 
 
       
 
The parameter     directly affects the periodicity of one of the two waves mentioned before. 
This concept is graphically represented by figure 7.12. 
The simulation performed in MATLAB shows that modifying the frequency difference    , the 
component of the function       characterized by the frequency       is affected, but the 
second component characterized by the frequency      is unmodified. The resulting 
function as a periodicity shown in figure 7.12. 
 
 
Figure 7-12 Parametric study. Scenario 7. 
                   
                           
         
 
7.3 Changing of the rotation's direction 
The reason behind the changing of the rotation direction can be understood also plotting the 
denominator and the numerator of equation 6.7: 
                
             
        
  (6.7) 
 
as represented in figure 7.13 
 
  
 
   
 
Zoom Zoom 
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Figure 7-13 Simulation of the phase, of its respective numerator and denominator and 
of  the rotational parameter 
(                        ) 
 
In the figure 7.13 the black arrows highlight two successive time instants in which the 
direction of the rotation changes.  
It is possible to observe that this phenomenon takes place when the numerator and the 
denominator of the function are either in phase or in counter phase. 
Running a similar simulation with          , one obtains the result valid for the 1T 
mode without a cavity, as presented in figure 7.14. In this case the slope of       and the 
direction of the rotation are both fixed. In this situation the denominator and the numerator of 
the phase have a phase difference which remains constant in time so that for these two 
functions is impossible being nor in phase nor in counter phase. As consequence, the direction 
of the rotation never changes and the rotation parameter       is a constant function. 
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Figure 7-14 Simulation of the phase, of its respective numerator and denominator and 
of  the rotational parameter  
(                      ) 
7.4 Comparison with experimental data 
In order to understand which are the limit of the present mathematical model it is convenient 
to directly compare the theoretical results with the experimental data. 
The theoretical model of the acoustic pressure field discussed in the previous chapters is 
characterized by two fundamental behaviours: 
 the changing of the rotation direction ( section 6.4.2); 
 the spinning-to-standing transition (STST, section 6.2); 
The MATLAB simulation of the ideal model in the figure 7.15 clearly shows that, travelling 
virtually in a clockwise direction from A to B, the behaviour of the pressure field changes 
regularly in time (STST) and that the rotation direction changes periodically.  
Both the phenomena are also characteristic of the experimentally obtained pressure field 
dynamic measured in the combustion chamber, as can be seen in figure 7.16. 
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Figure 7-15 MATLAB simulation of the theoretical model. 
 
Test results shown in the figures 7.15 and 7.16 confirm that the direction of the rotation 
changes when        , and that the spinning/standing behaviour is a function of the 
absolute value of      (see figure 6.5).  
However, some different aspects can be also recognized. Both the experimental functions 
      and     , represented in the figure 7.16, are not periodic anymore. 
 
A 
B 
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Figure 7-16 Comparison between the experimentally obtained phase      (in red) and 
the experimentally obtained rotational parameter      (in green). 
 
The figure 7.17 can be used to do a qualitative analysis of the most relevant differences 
between the model and the experimentally obtained  pressure field. Travelling virtually from a 
point A' in figure 7.17, in which the rotation direction has just changed, and following the 
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progress of       until the point B', one can see as the pressure field passes from a standing 
and pure oscillating mode to a quasi-pure spinning mode, to a new standing behavior once 
again. While in the model a spinning to standing transition is always accompanied by a 
change of the rotation direction,  here it can be observed that during a single travel from A' to 
B', although the direction of the rotation does not change, the pressure field assumes standing 
and spinning behaviors multiple times. 
This phenomena can still be interpreted as a sort of standing to spinning transition; however, 
this STST results nor regular nor periodic. 
 
 
Figure 7-17 Not regular STST observed during the analysis of the experimental phase 
     . 
 
It is possible to conclude that one of the most important differences between the model and 
the experimental results is that in the ideal case the changing of the rotation direction and the 
STST both happen periodically and smoothly; while, due the intrinsic stochastic nature of the 
combustion processes, the progress of the real system is not regular. As it is reasonable to 
expect, the real acoustic pressure field is characterized by non periodic phenomena. 
A' 
B' 
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Combining the observations with the results obtained by the parametric analysis, it can be 
concluded that the amplitude ratio    and the frequency difference    cannot be considered 
constant anymore, but they are both functions of time. 
This concept will be described in more detail in the following chapter, where a systematic 
analysis of the functions        and        will be developed. 
The initial hypothesis formulated in chapter 5, according to which     and     are constant in 
time, has proven to be very powerful but also limited. 
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8 Reconstruction procedure 
According to the mathematical model developed in the previous chapters, the progress of the 
acoustic pressure field is always regular and periodic. Test runs, however, have shown that 
this process happens nor regularly nor periodically. 
By analyzing the differences between experimental and theoretical data it is possible to 
partially reconsider the initial hypothesis formulated in chapter 5. In particular it will be 
shown that the amplitude ratio    and the frequency difference    cannot be considered 
constant functions. 
The goal of this chapter is to numerically calculate both the functions        and       based 
on the experimental data. 
The last part of this section is dedicated to the reconstruction of the original experimental data 
using the numerical functions       and       as input for the model developed since now. 
The reconstruction performed in this chapter must not be confused with the reconstruction 
discussed in paragraph 4.4 
8.1 Objectives of the procedure 
By using the terms "reconstruction procedure" we refer to a logical chain of mathematical 
procedures which ends up with an acoustic pressure field similar to the one detected during 
the test runs at DLR Lampoldshausen. The main objective of these procedures is the 
validation of the mathematical model. 
The logic flux followed during the reconstruction procedure is schematized in the table 8.1. 
The first step of the reconstruction consists in finding a way to obtain the functions       and 
      based on the experimental data. This process is entirely performed in MATLAB. 
The idea behind the second step is to use the functions       and       as input for the 
mathematical model presented in the equation 6.2. The model has clearly to be considered 
intrinsically limited, because it generally describes the real behaviour of the acoustic pressure 
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field but not all the aspects of the reality. The objective of this second step is to take in 
account all these aspects. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 8-1 Logical flux of the reconstruction procedure 
The third step is the direct comparison between the output of the already mentioned process 
and the real experimental results. If the output of the entire procedure matches with the 
behaviour of the original experimental data, one can consider this procedure as a validation 
for the mathematical model. 
    
                                                
STEP2 
 
Use the functions  
    
    
  
in the theoretical model : 
STEP3 
 
Compare the output of step2 with experimental data DLR-
BKD-LL-11-02-run4 
Good Matching 
THE MATHEMATICAL 
MODEL IS VALIDATED 
Not good Matching 
 
NO VALIDATION 
Reconsider the hypothesis 
 
          
           
  
 
STEP1 
 
obtain  
    
    
  
based on experimental data DLR-BKD-LL-11-02-run4  
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In case the mathematical model does not match with the experimental data, the eventual 
explanation could include: 
 The theoretical model is limited. It describes just part of the real acoustic field. For 
that reason even significant deviation from the experimental data could be observed. 
 The deviation between the model and the experimental data could be a result of 
measurement errors or of numerical approximations. 
 The model does not describe the reality. 
It must be noticed that the experimental data can be used to only analyse the resulting overlay 
of the mode components. This is because the only procedure to extract signal parts of the row 
signal is by filtering[13], as mentioned in section 4.2.1. However, both the oscillations 
originated by the application of the absorber are supposed to have nearly the same frequency 
(section 5.3), so that it is practically impossible to separate them with a frequency filter. In 
conclusion, it is possible to only measure the sum but not the independent parts which create 
the overlay. For this reason, the decision by which model (    or           explains better 
the experimental data is considered crucial and one of the aims of the reconstruction 
procedure is to eventually give an indication about the real behaviour of the pressure field in 
these terms. 
8.2 Reconsidering the hypothesis 
The mathematical model described in the previous chapters has been developed considering 
several hypothesis; some of them are resumed in table 8.2. 
The result of assuming these conditions is an ideal and simplified model which can be used to 
better understand the dynamic of the pressure field. Although some conclusions are relevant, 
it has been shown in chapter 7 that the model is also limited. 
 
Mathematical model hypothesis 
 
    
                                         
 
 
                                                     
                                            
   
  constant 
   constant 
Table 8-2 Mathematical model 
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Using the outcomes from paragraph 7.3 we can make a further hypothesis, according to which 
the amplitude ratio        and the frequency difference       are both functions of time. The 
reasons beyond this assumption are presented in sections 8.3 and 8.4. The consequence of this 
new assumptions is that the pressure field can be represented by the following equation: 
 
    
                                                  (8.1) 
 
where the scaling parameter      has been arbitrarily set to 1 and    is constant. 
8.3 Reconstruction of the frequency difference       
According with the theoretical model, by using the equation 6.22 we can obtain the value of 
the parameter    as following: 
 
   
  
   
    
  
    
 (8.2) 
 
Assuming             , one can observe that the period of the rotational parameter is only a 
function of    . 
The semi-period is shown in the figure 8.1. 
 
Figure 8-1 Period of the Rotational parameter 
(                          ) 
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The semi period  
  
 
  can be considered as the interval of time between each change of the 
rotation direction (    ), and it is still only function of  . 
Contrary, figure 8.2 shows that in the real case nor a single period nor a semi-period of the 
rotational parameter can be identified, which is in agreement with the hypothesis that     is not 
constant in time. 
 
 
Figure 8-2 Experimental rotational parameter     .       is the  
    time interval 
between two successive instants in which     . In this interval      is constant. 
 
Although experimental data do not exhibit a periodic behaviour, we can introduce similar 
functions supposing that between two consecutive time instants in which      the 
rotational parameter has a local periodic behaviour.  
Under this hypothesis, we can express the time as a succession of time intervals        during 
which the value of                is constant. Such time intervals can be compared with the 
semi-periods of the theoretical periodic results. 
The concept is mathematically expressed in the equation 8.3  
     
 
     
       
 
      
 (8.3) 
 
     
 Analysis of the first tangential mode in a cylindrical rocket 
engine combustion chamber equipped with an absorber 
 
 
Page 93 
of  127 
 
___________________________________________________________________________ 
The value of      is constant over the time interval       but it generally assumes a different 
constant value in each time interval. 
Analysing figure 8.2 one can conclude that     cannot be considered a constant parameter 
anymore, but        has to be considered a function  of the time. 
Comparing the experimental and theoretical data, we can suppose that       can be 
approximated by a function which assumes a value       constant during each specific time 
interval     . Introducing this logic in MATLAB, the manipulation of experimental data leads 
the results presented in figure 8.3 and in figure 8.4. 
 
 
Figure 8-3 Reconstructed        in MATLAB (blue) Experimental rotational 
parameter    (green) 
 
More details about the numerical reconstruction can be found in Appendix E, in which the 
MATLAB script is discussed. 
From the previous figure we can observe that the value of        is close to zero if the 
respective time interval       is relatively long, while       becomes large in case the time 
interval is short. As expected,       is always lower than 1. 
According to the reconstruction the maximum and the minimum value of       are: 
 
Experimental     
 Reconstructed      
 Instants in which    
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            ;              
 
and that the average value of      is: 
 
             
 
In the section 5.3, by simply analysing the PSD data, it has been supposed a value for the 
average       : 
                
 
Although an order of magnitude is a relevant difference, in this chapter it will be 
demonstrated that the reconstruction leads to acceptable results. The reason for the significant 
difference between         and            is still an open question. 
 
 
Figure 8-4 Distribution of the values       that        assumes in each time interval. 
 
In the picture 8.4 is possible to observe the distribution of that       assumes during the test 
run4 DLR-BKD-LL-11-02-LP3. 
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8.4 Reconstruction of the amplitude ratio        
According to the theoretical model, the rotational parameter      is a periodic function 
whose period is not affected by the amplitude ratio    . 
Analysing equation 6.21: 
 
       
                            
 
           
 (6.21) 
 
and assuming     to be constant, it can be observed that the shape of       is regular in time 
if  also     is constant. 
In particular, by choosing the value of the amplitude ratio, both the maximum/minimum value 
of      is fixed. This concept is graphically resumed in figure 8.5. 
 
 
Figure 8-5 The rotational parameter      and the phase      depend on the 
amplitude ratio. 
(                       ) 
In section7.2.2is shown that: 
 
       
         
  
Zoom 
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As highlighted previously, the experimental data are characterized by random processes. It 
means that the real rotational parameter does not exhibit a periodic behaviour anymore.  
From figure 8.2 it is evident that during each specific time interval        the experimental 
      reaches different maximum/minimum values multiple times. This means that     cannot 
be considered a constant parameter anymore, but       is a continuous function of time. 
In analogy of what has been done before for      ,       is approximated as a function which 
assumes a value      constant during each specific time interval     . In a single time interval 
     , identified by two consecutive time instants in which     , the rotational parameter is 
characterized by different local maxima or minima.  
We can write the value      that       has in the i
th
 interval as: 
 
      
 
    
 
    
(8.5) 
 
where 'q' is the number of both local maxima and minima        of the absolute value of the 
rotational parameter in the specific time interval. 
This concept is represented in the figure 8.6. 
 
 
Figure 8-6 Absolute value of the Experimental rotational parameter        .Red dots 
are representative of local maxima and minima. 
 
Experimental        
        
 
Zoom 
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Implementing this calculation in MATLAB we obtain the result presented in the figure 8.7. 
 
 
Figure 8-7 Reconstructed        in MATLAB(magenta). Experimental rotational 
parameter    (green) 
In figure 8.8 a distribution of all  values      that the function        reaches during the test run 
LP3 in time window 24 - 25 seconds is represented. 
 
 
Figure 8-8 Distribution of the values     that        reaches in each time interval. 
 Experimental        
 Experimental      
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According to the simulation, the maximum and the minimum value of       are: 
 
            ;              
 
and that the average value of      is: 
 
             
 
In section 7.2.2 a value of            has been supposed. This hypothesis has been 
confirmed by the present data analysis. 
In figure 8.9 a comparison between the experimental phase (not in scale) with the 
reconstructed functions       and        is shown. These two functions are step-shaped, and 
they are a result of a numerical approximation 
 
 
Figure 8-9 Experimental phase (red) and approximated       and         
As the figure 8.9 shows,  the functions       and       are approximated as a step functions 
instead of a spline interpolation. The idea behind this choice is the application of the 
theoretical model, described in the previous chapters and summarized in table 8.2, during 
each time interval       , introduced by the equation 8.3. 
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It is possible to see that the length of the time interval between each change of rotation 
direction directly influences the value of     . In particular a small value of        is related to 
a relatively long time interval, according with equation 6.22. 
On the other hand, the value of        is affected by the presence of a local spinning or 
standing behaviour. In particular a high value of       is related to a standing behaviour of the 
mode, while a small value of        is detected during a spinning behaviour of the mode. The 
shape of       ( and of      ) directly affects the amplitude ratio, as supposed in section 
7.2.2. 
8.5 Comparison with experimental data 
The acoustic pressure field can be now reconstructed by using the experimentally obtained 
functions       and       as input for the mathematical model presented in the equation 6.2. If 
the scaling parameter    is arbitrarily set to 1 we obtain: 
 
    
                                                  (8.6) 
 
where it has been fixed the scaling parameter      . The idea behind the reconstruction is 
to validate the mathematical model, comparing the actual experimental results with the 
simulated pressure field. 
8.5.1 Reconstruction of the phase 
The phase can be calculated using the equation 6.7, and considering that both     and     are 
now functions of time. 
 
                       
                
        
  (8.7) 
 
where the value             is a result from the PSD data analysis.  
The details concerning the calculation of         can be found in Appemdix E. 
The comparison between experimental and simulated results is shown in figure 8.10.  
The first aspect is that the trend of the reconstructed phase is in good agreement with the 
experimental data. In particular the direction of the rotation effectively changes as expected. It 
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means that the mathematical model is capable of detecting some crucial aspects of the 
dynamic of the actual pressure field using the functions       and       . 
 
 
Figure 8-10 Comparison between reconstructed phase(blue) and experimental phase 
(red) 
On the other hand, zooming into the plat of figure 8.10 shows that          differs from 
     for several aspects, including the presence of an offset between the functions, a different 
STST behaviour       and some "quick" changing of the rotation direction not detected by 
the simulated data. The offset between the two plots is minimum at the beginning of the 
simulation and it increases with time. The evolution in time of the offset can be appreciated in 
table 8.3. The offset is probably a result of the different times between the changes of the 
rotation direction for each of the two functions          and      . The experimental phase 
changes the rotation direction always earlier (or sooner) than the reconstructed phase, giving 
rise to a relative error which is cumulative in time. No further investigation has been 
undertaken to verify the reasons beyond this phenomenon. In this document it is simply 
considered as a limitation of the reconstruction progress and it remains an open question. 
In addition, in some particular time intervals the STST behaviour is not represented properly 
by simulated data. The problem has been already discussed in section 7.3 and it is related to 
the intrinsic difference between the theoretical model and the actual pressure field.  
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Phase offset 
  
 
          
     
          
     
              
     
Table 8-3 Evolution of the phase offset 
 
In figure 8.11 is shown how          approximates       in this specific situation (see also 
figure 7.15). 
 
Figure 8-11 Experimentally detected non-STST behaviour during a long time interval 
between the changing of the rotation direction. 
        
        
        
0.0380 sec 
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The trend of the two functions can be better analysed by using the table 8.4. 
 
ZOOM of Figure8.11 
 
 
 
 
                          
                                
 
 
 
 
                          
                                         
 
 
 
 
                          
                                
Table 8-4 Different zoom of the data plotted in figure 8.11. 
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A zoom into the time  interval 24.476 - 24.514 s of figure 8.11 points out some differences 
between the two functions. While the          follows a simple standing to spinning 
transition (see STST in section 6.2), in perfect agreement with the mathematical model, the 
real phase      is characterized by a non uniform multiple transition from standing to 
spinning mode. In this case the wave behaviour changes from standing to spinning mode 
repeatedly and unpredictably. In addition, this standing to spinning transition does not include 
a change of rotation direction for         . This phenomenon seems to appear just in the time 
intervals between the rotation direction changes relatively long (higher than approximately 
0.01 seconds). 
The third incongruence between the two functions is represented by a sudden changing of 
rotation of direction of       which is not detected by the reconstruction process. This effect, 
graphically represented in figure 8.12, probably also contributes to the development of the 
offset mentioned before. Observing          it can be noticed that phase rotation changes its 
direction two times in row in a very short time interval. Although the causes have not been 
investigated, we suppose that it could be considered a result of the several numerical 
approximations, the measurement errors and the random processes in the experiment. 
 
 
Figure 8-12 Changing of rotation direction of      which is not detected by the 
reconstruction procedure. 
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8.5.2 Reconstruction of the angular velocity 
Another aspect of the reconstruction procedure is the comparison between the experimental 
angular velocity       with the reconstructed one          . 
Starting from equation 6.10 we can reconstruct the angular velocity considering that both     
and     are now function of time. 
 
      
 
 
 
                                                                             
         
   
                    
        
 
 
 
 
 
 
 
 (8.8) 
 
Again,     is not considered as a function of time, and its value is fixed: Like before, the 
value of     is set to have            . 
The result of the comparison between       and          is shown in figure 8.13.  
It is possible to observe as the sign of the angular velocity based on experimental data, 
         , is in a perfect agreement with the experimentally obtained angular velocity       . 
 
 
Figure 8-13 Comparison between reconstructed angular velocity (blue) and 
experimental angular velocity (red) 
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On the other hand, zooming into the plat of figure 8.13 shows that the two functions differ 
one from each other for several aspects, as shown in figure 8.14. In particular the angular 
velocity         is not a periodic function and it strongly depends on the amplitude ratio       . 
According to the numerical approximation,        has a constant value during each time 
interval between the direction changing. For this reason the           presents a more regular 
trend with respect to       . It also means that the actual        is a continuous function of 
time and does not present the step-behavior hypothesized and described in figure 8.7. 
 
 
Figure 8-14  Zoom of figure 8.13 
 
Figure 8.15 shows the angular velocity at the time interval of figure 8.11 
By comparing figure 8.15 with table 8.4, the differences in the rotational behavior became 
also visible in the angular velocity. 
As observed before, reconstructed data, represented in blue, are characterized by the regular 
STST, while the experimental data, represented in red, shows a more random behaviour. 
 
Zoom 
 Analysis of the first tangential mode in a cylindrical rocket 
engine combustion chamber equipped with an absorber 
 
 
Page 106 
of  127 
 
___________________________________________________________________________ 
 
Figure 8-15 non-regular STST interpreted by using the angular velocity 
8.5.3 Reconstruction of the amplitudes 
It is possible to compare the experimental amplitude        with the reconstructed one 
         . 
Equation 6.6a can be rewritten 
 
        
             
           
 
 (6.6a) 
 
to 
 
       
              
  
  
 
 
          
 
 (8.9) 
 
By fixing              , and considering that both     and     are now functions of time, 
equation 8.9 becomes: 
 
                                              
 
 (8.10) 
 
As    serves in equation 8.10 as a scaling parameter and does not change the temporal 
behaviour of          , it is arbitrarily set to 1. 
spinning standing 
standing 
spinning 
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Numerically calculating the ratio of the average values of both        and                , we 
can have a better approximation of the scaling parameter: 
 
      
        
           
        
 
                                                 
 
 (8.10) 
 
The result of this reconstruction procedure can be seen in the figure 8.16 
The plot shows that           presents a more regular trend with respect to       . 
As discussed before, that is a direct consequence of having approximated        as a function 
which has a step-shaped behaviour. 
Nevertheless the figure shows as the reconstructed amplitude follows the general trend of the 
experimental function; which means that some aspects of the effective behaviour of the real 
function have been effectively captured by the reconstruction procedure. 
 
 
Figure 8-16 Comparison between reconstructed amplitude (blue) and experimental 
amplitude (red) 
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In addition, it must be underlined that nor     nor      are constant in time as hypothesized in 
the present simplified model. 
8.6 Conclusions and summary of the validation porcedure 
As mentioned before, this procedure cannot be considered as a tool useful for the 
reconstruction of the signal, but it is an helpful support whose aim is to validate the 
theoretical model developed in the previous chapters. 
 Having in mind the results of the mathematical model developed before, two 
parameters of the model itself,       and     , are obtained based on experimental 
data.  
 These two functions have been used as input in the theoretical model in order to 
reconstruct the acoustic pressure field.  
 The output of the process are the functions         ,            and           , 
respectively compared with the experimental data        ,         and         of the test 
run DLR-BKD-LL-11-02-run4-LP3.  
It must be noticed that, despite the experimental data, these functions, described in figures 
8.10,8.13 and 8.16, are not continuous functions of time. It is a direct consequence for having 
approximated       and        as a step-shaped functions, as can be seen in figure 8.9. 
The results can be better understood considering as reference the parametric analysis 
conducted in chapter 7. 
Even though the reconstruction procedure contains several simplifications and assumptions, it 
is capable to reconstruct several features of the original experimental data. 
In conclusion, the reconstruction procedure confirms that the mathematical model proposed is 
capable of identifying some important aspects of the dynamical behaviour of the real acoustic 
pressure field  
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Summary and Conclusions  
In parallel with experimental results obtained at DLR Lampoldshausen by the High 
Frequency combustion instability group, an analytical investigation has been conducted to get 
a more detailed understanding of the dynamics of the first tangential mode (1T) of the 
acoustic pressure field. Starting from the mathematical description of the 1T mode in an ideal 
cylindrical combustion chamber, a model to take into account the presence of an acoustic 
cavity installed as absorber has been developed. 
Implementing the model in MATLAB, and obtaining also a powerful graphic way to interpret 
the data, it has been shown that, contrary to expectations, even in the case where the 
combustion chamber was equipped with an acoustic cavity tuned as a quarter wave absorber, 
the 1T pressure field still shows rotations. Traditionally, without a cavity, the 1T mode was 
described by two rotating 1T modes. Adding an absorber to the combustion chamber, the 
pressure field can be seen as the overlay of two standing modes 1Tσ and 1Tπ whose nodal 
lines are perpendicular to each other. Each standing wave has a different time independent 
frequency and amplitude. On the other hand, the resulting 1T mode can also be seen as the 
overlay of two spinning modes whose amplitudes and frequencies are changing in time. 
In order to understand how the different factors influence the dynamic of the 1T mode, being 
the sum of 1Tσ and 1Tπ mode, a parametric analysis has been conducted. 
Thereafter, the model has been validated by using a specific procedure to compare the 
experimental data with the model itself. The validation process ends up with a reconstructed 
acoustic pressure field similar to the one detected during the test runs. The validation 
procedure has shown that the model is able to reconstruct the most important features of the 
experimental data. The remaining differences are a result of the simplifications and 
assumptions. 
A question which has been partially left open is the possibility to identify if the measured 
pressure signals are the results of the overlay of two spinning or two standing 1T mode. The 
problem is that it is possible to measure only the overlay and not the different components of 
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the resulting signal. In this regard, an interesting prospective is the creation of a model able to 
split the data into two or more components. 
Another interesting prospective could be the study of the 1T mode in a combustion chamber 
equipped with an angular distance of 90°, in order to dump both 1Tσ and 1Tπ . 
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Appendix A 
Non-constant spinning 
 
The 1T_sc cavity mode can be seen as the superposition of two non-constant spinning waves. 
 
    
                           
 
            (A.1) 
 
where: 
 
               
  
 
           
  
 
           
 
(A.2a) 
 
               
  
 
           
  
 
           (A.2b) 
 
We will show that the equation A.1 is equivalent to the equation 6.13, here listed: 
 
    
                                              6.13 
 
In addition we will be able to express       ,      ,      and        as functions of 
    ,     ,     and   , or, equivalently, as functions of    ,     
It is necessary to put both the non-standing spinning waves in the form: 
 
                
                 
(A.3a) 
 
                 
 
                             (A.3b) 
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The first step is the manipulation of the term     
   
          and of the term         
                   which can be respectively expressed as: 
 
               
  
 
           
  
 
          
  
  
 
               
  
 
                
                            
  
 
               
  
 
               
(A.4) 
 
and: 
 
                                                            (A.5) 
 
If the equation A.3a is true, it is necessary that: 
 
             
  
 
         
  
 
         
 
(A.6a) 
 
             
  
 
         
  
 
         (A.6b) 
 
Rising to the power of 2 and summing, we can obtain the 6.14a 
 
        
  
 
         
  
 
         
  
  
  
 
         
  
 
         
 
  
 
 (A.7) 
 
From the system is it also possible to calculate the function        in equation 6.14b: 
 
          
  
          
  
         
  
          
  
         
  (A.8) 
 
 Analysis of the first tangential mode in a cylindrical rocket 
engine combustion chamber equipped with an absorber 
 
 
Page 115 
of  127 
 
___________________________________________________________________________ 
A more comfortable expression of both the amplitude       and the phase       can be 
obtained recalling the definition of amplitude ratio and frequency difference: 
 
 
         
             
  
 
In particular, the amplitude becomes the equation 6.15a: 
 
       
  
 
 
 
  
 
 
 
    
 
          
 
    
 
 
 
  
 
 
 
 
          
 
 
 
(A.9) 
 
Following a similar procedure, it is possible to manipulate also the term    
   
          and the 
term                    , which can be respectively expressed as: 
 
               
  
 
           
  
 
          
  
  
 
               
  
 
                
                             
  
 
               
  
 
               
(A.10) 
 
and 
 
                    
                     
                   (A.11) 
 
If the equation A.3a is true, is necessary that: 
 
 
            
  
 
         
  
 
        
             
  
 
         
  
 
        
  
 
(A.12) 
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Rising to the power of 2 and summing, we can obtain the 6.14c: 
 
        
  
 
         
  
 
         
  
  
  
 
         
  
 
         
 
 
 
 (A.13) 
 
From the system it is also possible to calculate the function        obtaining the equation 
6.14d: 
 
           
  
          
  
         
  
          
  
         
   (A.14) 
 
The amplitude can be rewritten as done before having the 6.15b :  
 
       
  
 
 
 
  
 
 
 
    
 
         
 
    
 
 
 
  
 
 
 
 
          
 
 (A.15) 
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Appendix B 
      and      
 
      and       represent the time law of rotation of the two non-constant spinning waves. 
Their mathematical expressions are: 
 
 
 
 
 
 
 
 
 
             
  
          
  
         
  
          
  
         
  
 
              
  
          
  
         
  
          
  
         
  
  
 
(B.1a) 
 
 
(B.1b) 
 
 
Recalling the definition of amplitude ratio and frequency difference (equation 6.1), it is 
possible to write: 
 
 
 
 
 
 
 
 
 
           
                       
                       
 
 
 
 
            
                       
                       
 
  
 
(B.2a) 
 
 
(B.2b) 
 
We can plot both               fo different values of the frequency difference    
            and keeping fixed the amplitude ratio at an arbitrary value  
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As explained in chapter 5, the presence of an acoustic damping cavity introduces a frequency 
drop in the symmetric mode, which causes the frequency difference between the two standing 
waves (equation 6.1). In the limit in which the cavity tends to zero, the parameter     tends to 
zero, which also means that          . As consequence : 
 
                B.3 
 
 
Figure B 0-1 Rotations of the two non-constant spinning waves for different values of    
(              . 
It is also possible to plot the function              for different values of     and fixing    . 
The result is in figure B 0-2. 
The plot in blue confirms the equation B.3. 
For values of    different from 0 we can see as the two non-constant spinning waves travel in 
two opposite directions with a relative frequency shift               that is a periodic 
function of time characterized by the frequency: 
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Figure B 0-2  Summation of the rotations of the two non-constant spinning waves for 
different values of                   . 
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Appendix C 
      as function of       and    . 
 
By definition 
 
     
         
         
 (C.1) 
 
According with equation 6.15 
 
 
 
 
 
 
         
 
 
 
  
 
 
 
 
          
 
 
        
 
 
 
  
 
 
 
 
          
 
  (C.2) 
 
it is possible to write: 
 
      
   
 
  
  
  
 
            
 
    
 
  
  
  
 
            
  
   
 
  
  
  
 
            
 
    
 
  
  
  
 
            
 
   (C.3) 
 
This equation can be symplified: 
 
     
     
     
 
        
   
 (C.4) 
 
Where: 
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By solving the equation C.4, we obtain: 
 
      
 
    
  
 
   
 
     
  
     
   
    
  
     
       
 
             
 
(C.5) 
 
It is a periodic function which coincides with the one in equation 6.18. 
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Appendix D 
In the paragraph 7.1 it has been shown that 1T mode without cavity can be considered as a 
special 1TsC mode. Actually, all the functions describing the evolution in time and space of 
the pressure field of the 1TsC mode (for example 6.6b , 6.14ii, 6.28) can be reinterpreted 
considering the hypothesis that         . 
The result of this process are the equations which describe the behaviour of the 1T pure mode. 
In particular we can focus the attention on the function      , which represents the rotation in 
time of the nodal line of the 1TsC. It can be expressed by the equation 6.2b as follows: 
 
            
  
  
         
         
                                     (D.1) 
 
What we expect is that, considering the following hypothesis: 
 
        . (D.2) 
 
it will be possible to obtain the respective equation for the 1T pure mode, which is the 4.12: 
 
              
            
             
  (D.3) 
 
It is easy to see that the equation D.1 combined with the equation D.2 does not have the 
equation D.3 as result. 
The present situation can be explained. 
 
First of all, considering the equations 6.15a and 6.15b we can write: 
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(D.4) 
 
        
 
 
 
  
 
 
 
 
          
 
 (D.5) 
 
In case D.2 is true, they become: 
 
         
     
 
 
 
(D.6) 
 
       
     
 
 (D.7) 
 
From which we have 
 
       
(D.7) 
 
       (D.8) 
 
At this point, D.1 combined with the equation D.2 results in 
 
             
            
             
  (D.9) 
 
which is still different from D.3. 
The reason why it happens is simple: to obtain the equation D.3 (or 3.12) we have compared 
the acoustic pressure field with the function 4.9: 
 
                              (D.10) 
 
 Analysis of the first tangential mode in a cylindrical rocket 
engine combustion chamber equipped with an absorber 
 
 
Page 124 
of  127 
 
___________________________________________________________________________ 
On the other hand, to obtain the equation D.9, we have compared the acoustic pressure field 
with the function 6.3: 
 
                                (D.11) 
 
The equations D.10 and D.11 are identical, but shifted of 90°. It also happens for equation D.9 
and D.3, as shows the plot. 
 
 
Figure D-0-1 Different phases 
 
Both the equations are represented in MATLAB using the unwrap function or not. 
Obviously, the amplitudes remain unchanged if we chose to compare the pressure field with 
both D.10 and D.11. 
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Appendix E 
Reconstruction procedure detail 
 
The reconstruction of the phase described in section 8.5.1 is  performed in MATLAB. 
We can recall the equation 6.7 to specify a peculiar aspect of the reconstruction procedure. 
 
                  
             
        
  (E.1) 
 
The phase is a periodic function represented in figure E.01. Its period is: 
 
            
(E.2) 
 
 
 
Figure E  0-1 phase 
t1 t2 t0 
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We can interpret        as a special case of the function          , introduced in the equation 
8.7, in the simplified case in which both        and       are constant. 
Equivalently, in paragraph 8.5.1 it has been shown that using       and       as input for 
function        it is possible to obtain         . 
It must be underlined that to reconstruct the phase signal          it has been used just the 
piece of the function         included in the time interval between t1 and t2. The reason why 
we are interested in this interval is that we are interested in the time instants in which the 
rotation changes. If we consider also the time instant t0 we lose the information that we retain 
necessary. 
The result is that           can be interpreted (see figure8.10) as a succession of branches of 
the function       , each obtained using the local value of       and       as input. 
Actually, per each time interval between t1 and t2. we have a single value of both       and 
      , as reported in the figure below. 
 
 
Figure E  0-2 MATLAB reconstruction for phase, amplitude ratio and frequency 
difference 
t2 
t1 
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Concluding, in each time interval we have a constant value of         and a constant value 
of          . In this time interval          is a branch of the  function        evaluated for 
   and    . 
The same considerations are valid for the reconstruction of the angular velocity and for the 
amplitude. 
